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INTRODUCTION. 




The Doctrine of Limits is novr very generally adopted as 
the basis of tlie Differential and Integral Calculus. 

Of tlie methods which were formerly in use it may be 
advantageous to the mathematical student to glance at some 
of the most prominent. 

By inscribing sucoessiyely in a circle, regular polygons of 
four, eighty sixteen, thirty-two, &c. sides, we may at length 
suppose a polygon to be inscribed whose area shall be less 
that of the circle by a quantity so small as to be unas- 
signable. In this manner the area of the circle may be said 
to be eochausted. Hence, the method which was based upon 
this mode of operation was termed the Method of Ex- 
ha/ustUms. 

In the early part of the seventeenth century a work was 
published, in which all quantity was assumed to be composed 
of elements so small that it would be impossible to divide 
them. An infinite number of points in continued contact 
were supposed to form a line, an infinite number of lines to 
form a sur&ce, and an infiboite number of surj&ces to form a 
solid. Now, since a line has magnitude, namely, length, 
and a point has no magnitude, it is obvious that a line 
cannot properly be considered to be made up of a series of 
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points. The method founded upon these suppositions is 
consequently objectionable. Cavalerius, the inventor of it, 
called his work '' Geometria Indivisibilibus ;" and hence this 
method was styled the Method of Indivisibles. 

Sir Isaac Newton considered all quantity to be generated 
by motion ; a point in motion producing a line, a line in 
motion producing a sur&ce, and a surfeu^ in motion pro- 
ducing a solid. This motion or flowing of a point, a line, 
and a sur£M^, gave rise to the \iesiin& flmemts andfluodons : 
the quantity generated by the motion being called the fluent 
or flowing quantity, and the velocity of the motion, at any 
instant, the fluxion of the quantity generated at that instant. 
The method founded upon these considerations has been 
long known as the Method of Fluxions. 

As applications of this method are continually met with 
in mathematical works, it may not be inappropriate to give 
a few instances of its notation, compared with that proposed 
by Leibnitz, and now generally adopted by writers on the 
Differential Calculus : 

ti, w, M, w, u, sino?, {(j^— 1)"*} . 
du, d^u, d^u, d^u, d^u, dsmx, rf"(:c2— 1)"». 

The fluxional symbols in the first line are placed exactly 
over the corresponding differential symbols in the second. 

Leibnitz considered eveiy magnitude to be made up of an 
iofinite number of infinitely small magnitudes. His mode of 
reasoning was as follows. Any quantity u consists of an infi- 
nite number of diflerentidls, each equal to ph-^- qh^ + tI? 4- <^9 
and h being infinitely small, each term in the series is infi- 
nitely less than the next preceding term, and consequently 
the sum of the terms after the first is infinitely less than 
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that first term. Hence ph is the only term necessaxy to be 
retained to represent the series. 

Lagrange, in his " Calcul des Fonotions," endeavoured to 
simplify the subject by rejecting the consideration of infi- 
nitely small difierences and limits, referring the Differen- 
tial Calculus to a purely algebraic origin. He dejmed the 
differential of a quantity to be the first term of the series 
ph H- qh^ -f- rh^ + <fec. This is the foundation of his theory. 

Each of these methods has found numerous advocates 
among mathematicians, a fact which excites no surprise 
when we consider the extraordinary genius of the great men 
whose names are associated with the origin of these various 
and most interesting theories. 

In our own day several highly talented men have directed 
their attention to this subject, and it seems now to be very 
generally admitted that the method best adapted to ele- 
mentary instruction is that founded on the Doctrine of 
Limits. 

Among the valuable works which have recently enriched 
this subject may be mentioned those of Whewell, Hall, 
O'Brien, De Morgan, Thomson, Young, Price, and Walton, 
in our own language, and Duhamel, Cauchy, Moigno, and 
Coumot, in the French. 

Let us suppose a certain magnitude u to be dependent 
for its value upon some va/riahU magnitude x, so that the 
value of u may be represented by some expression into which 
X enters, then ^ is a fvmction of x. We will assume, for 
instance, that w=ar^, and, in this simple example, supposing 
X to undergo a change of value, we will trace the corres- 
ponding effect produced upon the function w. 

Let X take the increment A, that is, let x change its value 

A 2 



VI nfTfiODUCTioir. 

and become x+h, then if we represent the correspon^g 
yalue of uhj u^, we shall have 

.'• M, — w = 3 a^k -h 3 xh!^ -|- A*= corresponding increment of u, 

-^-r—=^3x^-{-3xh-\-h^s=T&tio of increment of function to 
n 

increment of variable. 

Now the first term of this expression for the ratio being 
Za^, it is obvious that h may undergo any change of value 
whatever, without affecting this first term. 

Let h then continually decrease in value until it is=0, 
then the expression for the ratio wiU be simply 3*2. 
Hence this first term is the limit towards which the ratio 
approaches as A is diminished, and which limit the ratio 
cannot reach until A=0. 

Now if w=ic®, du:=Sa!^'dx, -— =3a?^, where ^u is 

ax 

du 
the diff&r&niial of w, dx the diff&r&niial of x, and -7- the 

dx 

differmbial coeffident derived from the function, that is the 
coefficient of dx. Thus the limit 3;z7^ is equal to the differeor 
tied coefficient. 

These remarks are offered to the reader in this place, not 
only with a view to remind him of what the Method of 
Limits is, and to regard it in its connexion with the methods 
above alluded to, but also in the hope of inducing him con- 
stantly to recollect that, when he is performiag that very 
common operation in the Differential Calculus of ascertaining 
the differential coefficient, he is virtually seeking the limit of 
the ratio of the increment of the function to the increment 
of the variable. 
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CHAPTER I. 

DIFFERENTIATION OF FUNCTIONS OP ONE VARIABLE. 

Ex. (1.) Let u::^ax. Then -p-=a. 
^ ax 

du 
(2.) Let «=a+4^. Then -7-=4. 

(3.) Let y=3a«2^«r2. Then -^=2x 3a4?=6aa-. 
^ '^ dx 

(4.) Let M= V'^s^^. Then — =— ^^^ . 

(5.) Letu=^,-^. Then-=^ (^^-.^2 ^ 

_ 8aV-8.2^ + 4;t^ __ 8a2a^~ 4;g5 

(6.) t*=(l4-2ar2).(lH.4A-3)=l4-2a?2H-4;i:8+8;c*. 

■ ^=4a?+12aj2+40a:4=;4a;(l+3.r + 10^»). 

B 



AliQEBRAIC FUHCnOHS 

(7.) u=(l+x)*{l+a^. 

^=(1 +«)4. 2(1 4-«=^- 2x+{l +a^. 4(1 +xf 
cue 

=4(1 -j-a?)3. (1 +a?2). {(1 +a?)a?+(l -faj2)} 
=4 (1 +^)3 (H-;»2) {1 +a?+2a?2}. 
(8.) u={afi+a){3aP+h). 

(9.) u={a+ha!^y. 



(10.) «={a+\A+^f 



2V^+|, ^Vft + i 

(11.) «3=\/ a?+ \/lH-;»2. Squaring, we have 






<ia? 2v/l-ha:2 vTT^ 



, a? , a? 

1+ >, 14- 



rftt V'l+a^' vThT^ 



.2>/TT^*\/^-hvTT«^ 2vTTP 
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X 



(12.) tts= . = • Multiplying both numerator and 

denominator by va^^f^4-^, we have 

(13.) tt=(a+ip)(64-^)(c4-«). 

_=(6+;r)(.+^).-i_J+(o+*)(a+;.).-i^ 

=(^+«) (<?+«?)+ (<?+^) (a+x)'{-{a+x) (b+x) 
=hc']-hx+cx-\~sfi-\-ac+aX']'CX'^a^'{-ah+ax+hX'^x^ 
^=3x^+2ax-\'2hx+2ex-\~ah']-aC'^hc 
=3x^+2 {a+h+cjx-^ab+ac-^-hc, 
(14.) tt=(l + a?^)*. (1 + af)"^. 

_=(1 +,.)n...V_X + (1 +^n)«..V_^ 

=(1 +«?**)* w(l 4-^T"*- «^""* 

+(1 +^")'*. n (1 +^")*-\ wia^-* 
=m«(l +a?'")*-^ (1 4-^T"*- {(1 +^'*)«'*"*+(l -f ^)a?~-^} 
=r»n(l +a?~)«-*(l +;c»)'*-*{a?«-*+d?'»-*4-2a?~+'*-^} . 
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(15.)m= v7»-?+^V--^'={«--7=+(«^-^*}*'^ 



2xV^ 3(c2-.aj2)* 

dx V< v^ ^ .» l2a;v^ 3(c2-a^*J 

/ 5 4a; \ 35 4a; 

_ \2a; v^ "" 3 V'^^ _ 2xVt^ V^^^ 



a,+ vT=F-a!/'l - — ^ \ 



X 
X'h VI— a?*— 03/1 yz 

du 

dx" (as+vT^^)^ 



x/l1^+ 



vTir^ l-a;2^aj2 



2a;vT^^^4-l 2a;(l-<c2)^ vT^T^ 

1 

^2a<l-ar^+v^T^^" 

(17.) w=A/a+aj4-\/a+a;+ v^a+aj-f &c. in inf. 

tt23-:a-f-a;+\/a-|-a;+ v^a-f a;4- &c. in inf. 
=rt-|-a;+ti. 
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2tt— =1+ — 

dx dx' 



/A ^\ du - 
(2«-l)^=l, 



du 



dx 2u—l 



But vw^— w=a+aj, 



1*2— w + - 



1 4a-f4a;4-l 



«— o= -^ — -^—y 2m— l=v4a:+4a+l, 



du 



dx V'4a?-f4a4-l 



(18.) w=l + 



o; 



1+ 



a; 



1+ 



X 



1 + <fec in inf. 



.•.w=l-j--, 
(2«-l)^=l, 



tt2_«=:a;^ 



J. du du - 

dx dx" ' 



du 



dx 2m-1' 



2m— l='/4x+l, 



1 \/4aj+l 



«__=. 



du 



dx \/4a5+l 
(19.) 2Ma54-at*2— 5a:3=0. This is an implicit function. 

« -. <?M - du ^, ^ du ^ du ^ ^ 

2u'\-2x'-z — \-2au»-, 2bx=0, u+as- — h^w-; 6a;=0, 

(fa? dfo; dx dx 



du 
dx 



B 2 



<fM ^03- M 



^ hx—m n 4m m 



■'=^0. 



(2L] 

(22. 

(23, 

(24. 

(25. 

(26. 

(27. 

(28. 
(29. 



(30. 
(31. 
(32. 



r^flt'l'jur. 



«=:^— 2fl^. 






«=2a^-3jr+6. ^=4x-3. 

tt=4a?-2a?-H3jp. ^=12x»-4ar+3. 

ax. 



^=(Tfi)' 



tf= 



^a;"'(l+x)'** 



(«+ay dx (a+a:y 

tt={a?+(a+a^*}*. 

</w X X 

dx \/«^+i/a+P 2\/a-f a?+a? v^a + a?* 



tf=(l+aj)Vl-.a?. 



J» 1— 3a; 



M=; 



«^a; ^y/l—x 
^ du_ 3a!» 
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(33.) «=-7== — =-7====:-2a?. 

(34.) M= A/ ;=. — =— 7= — 7 

^ l+v/^ (/a; 2(l+Va)Va-fl^ 

(35.) M=(aa;3+6)2+(aJ-^)v^«2-a?^. 

85 / :, rf2« 86 3aa;--4a~^ 

(36.) «*= — 'xVax—x^. — = — — 7 

3a rfj» 3a 2vaa5— a^ 

a* </w -a4(^2_2aj2) 
/3 J \ jj— — = i :. 

^ '^ 2'v/a2aj2-a^ dx 2,a?{a^-'SiP)i 

(38.) .=<-^. ^=5A/^-iV(^'- 
^ ' (aj-a)* rfa; 2 V a._a 2 V Vx-a/ 

__ v^aj^+l— a? ^M —2a; 

^ •'' ^"" >/^qrH-a;* ^""v/^+l.(V'^?iriH-a;)2 

^ '^ V^a-a? dx 6(a2+aj2)l.(a-a;)* 

_ ^1 du a/^A-c^T? — 4aj* 

(41.)«=a<«H«^(a2-a^*. g= ^[^-— • 

(42.) «=/y/ 2aj— 1— V 2aj— 1— V'2aj— 1— Ac. in inf. 



(fa; \^8a;— 3 



1 — &c. in inf. 
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(44.) «= 



l + (l-4«-)*' 

Jii_ 2a;{l-Kl-4a^)i-mai*(l--4a^)-*} 
^ l+(l-4a!?')*— 2ic" 



CHAPTER n. 

TBAHBGEBTDKHTAL FUVCllOira OF OHB YABIABLE. 

I[u=ztfmx; -^=coRx. 

ax 

du 
u=^coAX', -^=--siiiaj. 

ax 

<2?M - . - „ 1 

«=taQa;; -r-=lH-taii^=sec2a;=. 



^t£ 1 

wrrcota;; ;!-=— (l+cot2aj) = — co8ec2a;= — :— -. 

ax ^ srn^^t; 

tt=8eca;; -;-=sec a?, tan aj. 

ax 

du 
«=r cosec a? ; — = —ooeec x, cot a. 

du 
tc=v. ama;; -r-=sma;. 

. du a 

n=\ogax; ^=-. 

«=««; ^=««. 

aaj 

Ex (1.) Let tf =siii^a;. Theii-7-=r2sma;. — : — =2sma;.cosa;. 
^ ' ax dx 
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(2.) u==.co»ma, i.e. the cosine of the product of 

m and a:, 

du dcoBmx , dmx « 

-7-= ; =— sin TWO?. — = — =--wsmwa;. 

ax ax ax 

(3.) «=sin^ir. cosj?. 

Jm . a <fcos;r e^sin^d? 

-;--=sin^a?. — ; l-cosiT.T— - — 

da; dx dx 

=sin^a?. (—sin a?) -J- cos or. Ssin^or. cos;r 

= 3 sin^d? cos^d? — sin^d?= sin^d? (3 cos^^f— sin^o?) 



= sin^iT (3.1— sin^ii? — sin^o?) = sin^o? (3—3 sin^o? — sin^^r) 

= sin^^r (3 — 4 sin ^d?) . 

(4.) M=e^. cosor, e being the base of the Napierian 
system of logarithms. 

du „ dcoBX de^ 

~- = 6 . ; 1- COSO? • -r— 

dx dx dx 

=e^. (— sina7) + cosa?. ef^=^ {coBX—smx), 
(5.) u=zx.e^^, 

du de^^^ dx ™^ dcoax , ^-^ 

dx dx dx dx 



(6.) u= 



=^. «co«^(-sin^)-f-e<^osar_,^co8a: (i_^aij^^) 
sin"*ar 



cos**a? 



du ^ co&^x.man^-^x, co&r— sin*"a?. ncos **- ^x( — amx) 
dx cos2»ar 

wcos**+'iF.sin"*--^a? wsin"»+*;F.cos"~*a? 

cos^^a? cos2»a? 

wsin"*~*df wsin"*+'a? 
cos""" ^x cos*»+ ^x 
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(7.) w=cos"^a? V 1— -iK^. This is an inverse function. 

Put X *y\ '-o?'=.z. Then w=cos~*;2r ; .'. cos «= z ; 

, du ^ du 1 1 1 

— sinw. — =1 /. — = 



dz dz ' WIU V 1 — COS^M >/l— ;2r2 



But V J«^=* V 1 — ^, •'• — =d?* =H-^1— ^ 

</d? vl— 0?^ 

Hence — = — • — = — 



dx dz dx ^l—x^+a^ v'l— d^ 
l~2a?g 

(8.) tt=a(sina?— coso?). 

— j =a2(co82ir+sm2d?+2sinipcosd!)=o2^1 ^2 sin^coso?). 



tt2=^2^(5os2a?+sin2iP— 2 sin or cos a?) =a2 (1—2 sind?cosd?). 

(g)V^=.... .-. (I) =.»■-«.. 4=^^=;?. 

(9.) M=:(l0g««)« 



Put 4f for log ir", then wrsjer*", /. — -=m;»**-* ; 

and v*=log^, .•.^=-^=-. 

_ du du dz , n »n»(logdJ*)"»-* 

Hence -r- = -=-• -=-= m z'^"^ • -= ^— ^ — ^ • 

dx dz dx X X 



(10.) logti= 
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v/iT^ 



X 



du 1 vTM tfi-X^'X^ -1 



du u 

dx aP^/l-i-a^ 

(11.) «=a»ton~y 

lpg«=logiP+taji-*a?. log« 

=logd?+taii-*a?, V log«=l, 
du 1_1 , 1 _ l-ffl?g+d? 

l4.a?-f-a;8 _ eton"'*(l-|-J?+a?^ 

.-1. 



,du_ e^'''{l'^x+x^ 
" dx'^ l+x^ 



(12.) «= ^ ^a+i ^- 



Since the denominator is constant, and since the differen- 
tial coefficient of e" is ae^, 

/. -^=-s— -T (<w"*'(asiniP--cosa?) + «**(«cosd?+ sino?) } 
dx a^+1^ ^ * 

{a^sin^F— a cos^r+a cosir+ sin^} 






a2-|-l 



(a*+ 1) sino? 



12 



TAANSCENBENTAL FUNCTIONS 



(13.) tt= log 






du 
dx 



^^-^^•i^-<^+^>-(2-;i) v^-v^ 



( va — 'n/^)2 
V a— vj+ ^/«-f \/ir 2^/tf 



va 
2\/J(\/a— v^)(\/a+ -n/J) 2y/a(a^x) '/^{a^a) 

(U.) «=«'*"+'. 

log w=c*'+'. log a. 

log (log m) =(ir2^^j log c-i^log (log a). 

Put;2r=log U, 



^, dz I 1 

then — -=-= 



SJ..' 



log z={a^+a:) log c+log (log a), 

^^1-1 y^ ,V nr^ 

— •-=log c (2ir-h 1). But 2r=c*"+'- log a, 
''^=^' log<? (24?+l)=loga. logc. c'"+'. (2a?+l). 
Hence :7-=:7:-:7:=loga. logc. a^ +' -- 



</a? fl&i? </^ 



(15.) u=an.a?y/—l — 
(16.) M=cos(siiia?). 



(17.) tt=sm-^f- 



cos or, 



C"+'. (2ar+ 1). 

du / 

--- =cosir V — 1 -f sina?. 
ad? 

-;-=— oosarsin (ainar). • 

da; ' 



^'jn 



u. 



(18.) w=c8^^ 



jsma; 



. dlsr 



-=-=« . COSiT. 
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(19.) M = Sm ^r: 5* ---=:—- -. 

(20.) tt=sin-* A / — = - — . 

^ \ ' V ^.2_«2 ^^ v/(a^2-a2) (62-0^2) 

(21.) w=cosa7H-cos2a:+cos3ir+ <fec. 

-j-=— (sma?H-2sin2a? + 3edn3ir-f (fee). 

(22.) w=cot Vma?-f a)2 __=— — i — -J — L. 

^ ^ \ ' / ^ (ma?+a)4+l 

d^%6 1 



(23.) «*=tan-^ \/\Il. 

V i_^-p dx 2VT^=^ 

(24.) w=taii^ A/ ! — . — = . 

V ft— a fltr 2(l+d?)>/6a?+a 

(25.) 2.= ^T3^+sm-^^. 5^=a/J-^. 

00? V l-fa? 



(26.) w=co8ec"^mir2. 



(]^ 2 



cjr x'vm^ai'^—l 



(27.) w=log(smiF). • =cot;r. 

dx 

(28.) w=: sin (logo?). -7-=-cos(logar). 

flu? X 

(29.) w=log 



*ir+ vTT^ <32a? a? \/l + >r2 



/I \« • ^ 1 



dx X logiP (log)2iP . . . (log)'*~*a? * 



* This expreap'cf^^ means the w*^ logarithm of x, not the w* power of 
the logarithm of x. Log (log a:), which means the logarithm of the 
logarithm of x, might be written (log)'a;. 



14 TRAKBOXirDSllTAL VUHOl'lOKS. 



(31.) ««*ga?— log (a— Va^—a^. — = ■ ■ 

ax xVa^—ar 

(32.) t*= log V Edna? -f- log vcosa?. — =cot24?. 

(33.) i*=log{d?+v^^^}+sec-^-. — = .JL- ' 

a dx xwx—a 

,«.x 1 xy/^^-'/T^ du ^ 
(34.) t*=loff ^ — • — = 7 

(35.) w=a?'. zr~^ (}ogx+ 1 ) . 



(36.; 



d[r 



w=atog'. — = 2_, 

clx X 



(37.) w=a?**. T^^' ^Y^^^ Gog^+ !)+-[ 



c^ 



(38.) t*=a?"»**. —^x^*{ 4-cosa?. loga?j • 

(39.) t^=e*"cosriP. -j-=6*^(acosrir— rsinra?). 

1 dw 1 1 te\ 

(41.) «=a?.. ^=^-*'^**« fc) • 

(42.) w=6^(8inra?)**, -T-=^(sinrd?)"V"*(asinra?-f mrcosra?). 
(43.) t«= 



ctr logiP (log)2a? . . . (log)'*~*a? 

(44.) «=y tan^r**, y being a function oix, 

du, dy 

-=-= tanic* ~ -f wya?*'" sec^ie*. 

dx ax 
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(45.) u^=za^, z, 9, and y being fiinctions of a. 

^=^ • i^jlog^. log., ^+- log^ ^+;- ^1 • 
(46.) t«=a?^+sin;s4-aj2rcos;2;, a7=a—- acosz. 

dx^\ X ) 



CHAPTEK III. 

SUOCESSrVE DIFFERENTIATION. 

Ex. (1). Let tt=«». 

Differentiating, we obtain t]iQ first differential ooeffident, 

du 
da 

Differentiating, we obtain the second differential coefficient, 

Differentiating as before, we have tbe third, 
^=«(n-l)(n-2)*-» 

^=«(n-l) (n-2) (n-3).r*-*. 



^=n(n-l)(n-2)....(«-r-l)-'. 

It must be borne in mind that dh^ dht, d^ &c, d^u are 
merely symboh; and that da^, dafi, da^, <fec« daf are powers 
of <£r. 
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Leibnitz's thbobem. 


(2.) u=zlogx. 






dm 1 
dx x^ 


d^ 
daP" 


1 dhi, 2 


dhi 2.3 




d^x 2.3.4 ^ 


(3.) u=a'. 




^ = aoga)V. 


(4r.) u=-mnnx. 






(5.; M=^. 






(6.) «=;+^ 

^ ^ l—x 




dfiu 240 



Leibnitz's Theorem, which is useful in finding the diffe- 
rential coefficient of the product of two or more simple 
Unctions, may be thus enunciated, u and v being both fiino- 
tions of Xy 

d^'CuD) d^'u dvd^-^u r(r-- !)(;*«? d'-'^u . 
dar d^^ dxdx"^^^ 1-2 da^ doT'^^ 



CHAPTER lY. 



Taylor's theorem. 



This theorem may be thus enunciated. 

If u=^f(x), and x take the increment k, 
^, ^. du^ d^u A2 d^u h^ d^'u 



dx ' da?l'2' dJ^ 1.2.3 • daf" 1.2.. .n 

-f (fee. 
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This theorem, written according to the notation of 
Lagrange, is 

In using it, if we take n terms of the series, the error we 
shall commit by leaving out the terms beyond the n% will lie 

between the greatest and least values of /^•^(a?-f Bh) > 

which values will depend upon giving to various values 

between (0) its least value, and (1) its greatest. 

Madaurin's Theorem is easUy dedudble from thia 

Ex. (1.) Expand cos(ar+A) in a series of powers of A. 

du , d^u d^u . a 

Letu=cosd?, then —=— sma?, -7-^=— cosar, -7-^=sma?, &c. 

du 
Whence, substituting these, values of u, — > &c, in Taylor's 

theorem, we have 

cos(a?H-A)=coftip— sinor. A— cosa?«-=— 5-fsinar-=— 5-5+ &c. 

Cor. By making d7=0, we have 

^^=^-"1:2 + 2:3:4 "■*'• 
(2.) Expand sin "^ (a? + A), according to ascending powers 
of A. 

Let M=sin~^ir, then — =— r= =(1 —a?)", 

due V 1 —x^ 

g=- i(i-^-i(-2.)=.(.-^-.=^,. 

d^u ( 3 



daf" 



=^-{- |(l-^-*(-2^)} + (l-^)"*' 



=(1 -a;2)-J|3-j^+ (1 _^ J =: 



(l-a:2)» 
c 2 
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Whence, by substitution in the theorem, 

sm~\ir+A)=sm~^a?H — ; r-f 



(l'_a^)i 2(1-^)4 

+ — ^^-^- ^+ &c. 

2.3(1-0:2)4 

(3.) Expand log (a? + A) by Taylor's theorem. 
Let t.=log^, then -= j, ^= - ^, ^=-, &c. 
"Whence, by substitution, 

log(ir+A)=logir+~— ^+3^-&c. 



(4.) Kw=/(a?), show that 

•^\r+^/~"'~^'TT^"*'^*2(TT^ 



I 



dH afi . , 

■f &C. 



<Ar3 2.3(1 -ha?)» 
Letir+A== , thenA== iP= 



1 + a?' 1-fd? l + ar' 

'^-(l+-^)2'^- (1+^)8'*^- 



^*=/(^), /(^+^)=/(Tf^) 



Substituting these values in Taylor's theorem, we have 



•'\JT^/"*''"rfi'rM'''^"2(l+ar)2 

""^'2.3(l+ar)«"^ 

(5.) If/(a?)=tan"'^a?, and we put •= -^srsiny, 

1 +d?* ♦ 
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or taii"^^=^— y, then, tan""^(j?+A)=taii"^a?-h8in^siiiy ^ 

— sm2y sm^y— -f sinSy sin^y-^ <fec. 

Now, siiice h may have any value whatever, put A= — a?, 
y being an arc in the first quadrant ; then 
tan-X^+A)=tan-^0=0, 

/. tan'"^ar= siny siny . Y + sin 2y sin2y . -- + sin 3y sin^y— + ike. 

-^ , T , ^ cosy 

But tan~^^=27 —Pj 8,nd a?=coty=:— : — , 

2 siny 

V 1 1 . 

/. ^=y + siny cosy + - sin 2y . cos^y -f- - sin 3y cos^ + &c. 

Similarly, puttini? A= — ( icH — ) = : , we have 

•^ ^ ° \ xJ wa.yQo^y 

IT siny 1 sui2y 1 sinSv . 

o= ho T — ho r"+*<5- 

2 cosy 2 cos-^y 6 cos^y 
And, putting h— — vT + ^> 

^=|4-siny+-sin2y+^sin3y + &c. 

Hence, by differentiation, 

--h cosy + cos2y -|- cos3y + <fec. =0. 

These formulae are deductions of Euler's. 

Taylor's theorem may be applied to find approximate roots 
of equations of the higher degrees. 

(6.) Show that Taylor's theorem comprehends the Bino- 
mial theorem. 

(7.) Expand sin (a? -h A) by Taylor's theorem. 

• / . IN • . A . A2 ^** , . 

sin(a?-|-A)=smir+cosa?«-r— sma?-^ — cosir^-« + &c. 
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(8.) Show, by Taylor's theorem, that 

(9.) Show that tan(ir+A)=taiiiF+seA?rr- 

h h^ 

. +2sec2irtanirr--o+2sec2a?(l + 3tan2^)-— -— 5 + <fec. 

(10.) K w= cot ~^d?, show that 

cot"^(a?+A)=M— sm»siiitt-^4-si3i224ain2tt-5 — &a 

(11.) I£/(ip)== , prove that 

1 + ^+A 1-h^. of A . ^^ . A^ . ^ ) 

ri7::A=i3^"^^l(T=^3+(Tz:^s+(^ 



CHAPTER V. 



maclaurin's theorem. 



This theorem, which is used for the development of a 
function according to the ascending powers of the variable, 
may be thus enunciated, Uq, U^y U^, Z7,, &c. representing 

du d^u d^u 
the values of w, — , -r-^, -j-j, &c. when ^=0, 

Cor. '£=U,+2U,.^+3U,.^+iU,.^^+&c. 
This theorem was first given in Stirling's " lineae Tertii 
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Ordinifl Newtonianfle." It is, however, generally attributed to 
Maclaurin, and is improperly styled " Maclaurin's Theorem." 

Ex. (1.) Expand (a+d?)", n being any number whatever, 
positive or negative, integral or fractional, rational or 
irrational 

Let M=(« -fa?)", whence ifir=0, UQ^:^a\ 
—^^n{a-\-xy'^, . . . . , U{=na'^\ 

— =n(n-l)(a+ir)"-« . . , i7j=:«(n-- !>*-•. 

d^u 

— =n(w-l)(n-2)(a-har)--» , £r,=n(w-l)(n-2)a*-». 

&c. dbc. 

dt/i 

Substituting these values of Uq, 27^, <fec. for «, — , &c. 

cue 

in Maclaurin's theorem, we have 

/ N- - -1 n(n—l) . - « n(n--l)(n— 2) ^ , , 
(a + a?)*=o" + na^-^a? -f- -^^-s — ^a*""ar^ + -^^ 5- S ' » ^^ 

+ <kc., which is the Binomial Theorem, 
(2.) Develop a*. 

Let M= a* whence ifa?=0, i7o=a'=l. 

3-=*-4a', Ui =^ A, 



dx 
d^u 



dx^ 
d^u 



=:A^a', U, =: A^. 



•A^a*, Uj, = A^ 



da^ 

* A IB here put for the hyp. log. of base a, that is, for the expres- 
sion (a- 1) - ~ (a- 1)» + i (a- If - &c. 
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Whence hj sabstitution in Maclaiuia's thecnrem, ' 

wliicL is the EoopoTiential Theorem, 
V A=\oga, .•.a'=l+a?loga4--(a?loga)2+--^(irloga)«+&c. 

When ar=l, a=l+loga+^(loga)2+— (loga)8+&a 

an expression for any number a, in terms of its Napierian 
logarithm. 

If for a we write the Napierian base e, we have, since 
logdssl, 

And, "whena?=l, 

(3.) Expand tan'"^^? by the method of indeterminate coef- 
fidentS; 

tt=tan'"^a?, whence if a?=0, 27o=tan"'O=0. 

du 1 

^=YTr~5=l^^+^— ^+<fe<5', by actual division. 

But (Maclaurin's Theor. Cor.), 

••• ^>+2^-f+3^»- A+^^^-23^+^^'-2:^+*<'- 

Equating coefficients of like powers of a?, we have 
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whence by substitution, w=a?— ^r-^-f^r-j— j— =— <fec. 

a^ a^ a^ . 
:. tBir^a=:a—T +— — =• + &c. 

tan't^ tan*w tan^v . 

vtantt=a?, /.tf=tante — | — = = — h»c, 

o 7 

which is an expression for the arc, in terms of its tangent. 

By help of this and Machines Formula, we may find an 
approximate expression for the length of the circumference 
of a circle. 

Lettana=l,^=4a,then^=4tan-1; 

4 4_ 

4tana~4tan8a _ 5 125 120 

^^"^""l-^etangg-ftan^g"". 6 F'^Xlg' 

25 "^625 

120 

xr X /. ./.ON tan^-1 119 1 

Now tan(^— 4D°)=r rT=T777^ =:7^77T> 

^ ^ tan^ + 1 120 , 239 



.•.^-45*'=tan-^ 



119 
1 



+ 1 



239' 



- /. 45® =-4 — tan""^ xTr;r' or ?= 4 tan"^ tan~^ * 

• 239 4 ''^ 5 "*" 239 



\5 3(5)8"^5(5)« 7(7)7 +*^-; 
^\239 " 3(239)3 "^5(239)5 ""^^'j' 



* This is Machines Formula. 



1 
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a very convergent series, by which, taJdng seven terms in 
the first row, and three in the second, we obtain 

7r=3 141592653589793, 
which is the approximate length of the semicircle, the radius 
being unity. By taking three terms in the first row, and 
one in the second, we obtain x=3*1416, an approximation 
sufficiently near for ordinary purposes. 

(4.) Expand seciP, in ascending powers of a?. 

Put w= sec or, whence ifa?=0, seca?=l, U^^=l. 

— =seca?tana?, tana7=0, ?7i=0. 

CLiJC 

-— 5.= seciF( 1 -|- tan-^d?) + tana? seed? tana? 
dor 

=secir-f 2secirtan2d?, U^=l, 

d^u 
^=8ec.;tanx+28ec^.2taax(l+taa^x)+2tan2xsec^tanx 

=5seca7tana7+6seca?tan^ar, .... U^=0. 

-7-j= 5 seco? (1 + tan^d?) -f 5 tana? seca? tand? 

+ 6 seca?. 3 tan2a7(l -|- tan^a?) + 6 tan* a? seca? tana? 
=5seca?-f 28seca?tan2a?-f24seca?tan^a?, . . U^^=i5, 
Whence, by substitution, 

«=8ec*=l+-+23;^+&c. 
(5.) Expand cos^a?. 

Put tt=cos*a?, whence if a?=0, cos*a?=l, . C^o=l- 

^=s3cos2a?(— sina?)=3sin3a?— 3sina?, . . Z7i=0. 

d^u 

•T-2=9sin2a?cosa?— 3cosa?, ?7j=— 3. 
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-r-j=9sm2a?(— sino?) +cosir. ISsina? cosir+3sind? 

=3sind?— Qsin^ip+lSsiniPCOs^iF, . . , U'^:=0, 
-— =3oosd?— 27sm2a? co8a?+ ISsina?. 2 cosa?(— sma?) 
4-18co82a?.cosa?, , . ?74=21. 

(6.) Develop (1 + e*)" according to ascending powers of a?. 
Letw=(l+e')» whence if ir=0, (14-«®)"=(1 + 1)**, 

?7o=2« 

du 

— =n(l+^)-\^, ........ Cr,=n2-\ 

-— =n(l+0')'»-V+e'.n(n— I)(l4.e»)*-V; make.a?=0, 

^=n2"-i + n(n-l)2«-", Crj=n2-*(w4-l). 

_=n(l+^)«"'V+e».n(w-l)(l+^)*-».e» 

+ n(n-l)(l+0*"'.^.2+«*«'.n(n-l)(n-2)(l+«*)"-».e*; 

make x=^0, 

d^u 

— =»2«->(n+l)+n(n-l)2"-«.2+n(n-l)(w-2).2*-» 

=n(n4-l)2»-*+n(w-l)2*'i+«(n-l)(n-2)2*-» 
=n2*-»{(w+l)2 + («-l)2»+(n-.l)(n-2)} 

=n2*-»{2n+2 + 4w-4+w«-.3n + 2} 

=n2*-«{»«+3w}, ..... r8=»22*-»(n+3). 
Whence, by substitution in the theorem, 
/I I ^\n onM ,wa? w(n+l) ^ , n*(w + 3) a?* . . 

D 
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(7.) Prove that log(l + ir) = a?—^+— — —+&c. 

Let tt=log(l+a?), whence if a?=0, C''o=log(l)=0. 
-r-=r-; — =1— :r+a^— ir*-|-a?*— (fee. by actual division. 
But (Maclaurin's Theorem. Cor.) 

And, equating coefficients of like powers of a?, 

C— 1 CT — — 1 —'—1 -^— — 1 ^« —1 . 
<>i-i, t/a- 1, 2 -A, 2.3- ^'27374""^ 

.\Cri=l, i7,= -l, 273=2, ?74=-2.3, 275=2-3.4. 
Whence, by substitution in the theorem, 

/Mfl ^m3 iV^V 

log(l+ar)=a?— y + 3" — J + <fc«- 
Cor. Writing —a: for a? we have 

1 /I \ Q? (fi a^ , 

log (l-4?)=:-(F- — -. ^ - .J. -Ac. 

(8.) Show, by help of the last example, that 

^^« (^=^31 - 2 (^=l?+3(^=l)i -^- 

Put =-a=l— jjr, then 

a?— 1 

log {y-^z)^z^ l;^2+1^8«&c. (Ex. 7.) 
■D X * 1 a?— ^+1 1 

But 4r= T — 1 = 



/p — 1 a?— 1 a?— 1 



•••!<« tri) =;^ - 1 (^3+5 (^ - **" 
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(9.) K a^ said b^ respectively represent the coefficients 
of ^ in the expansions of u=f(x), and log u; show that 

Assume w=aoH~^i^+<*a^ .... -\-a^c^, then 
—=ai'\-2a^a: -\-na^a^~\ 

CUP 

Now log t*=5o+^i^+^>^ .... +^n^ 

CUP u 

Hence «.+2««^ •-• +^»^" =&^+2ft,^ . . . +n6,^-'. 

And, multiplying by the denominator, and equating coef- 
ficients of like powers of x, we have 

(10.) Develop mnop and cosor in ascending powers of ^. 

(11.) Prove Euler's formulsB, 

sina?= — » cosa?= • 

2\/^ • 2 

(12.) Prove De Moivre's formula^ 

cos»M?+ V — 1 sinmiV=(cosj7-|- v — 1 aino?)"*. 

4 6 
(13.) Prove that (tana?)4=a?*-ho^+^^+&c. 

(14.) If M=8in""V, show that 

sin^w 32sin*M 3^ 5^wo7u , 
"="""+ 273-+2:3:475+ 2.3-4.5.6.7 +'^ 
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(15.) Develop tf=rcotdr by the method of iudetermiiiate 
coefficients. 

COtjT^ 77 7;;nr Oft ^ »r — <»<5. 

a? 3 32.5 3«.5.7 
(16.) Prove, by Maclaiurin's theorem, that 

(l+2d?+3a^^)""*=l-a?+2a^-|a?*-h|aj»-&c. 

(17.) Show that cos"^;r=^ —a?— ^t"^ — c% ^ a tr — <fec. 

(18.) ^ow ih&t wi(a+ha:+c^)=aiLa+la: 006a 
. 2ccosa— ^^sina „ 6bcsajia-\-lficoaa , , 

+ ze*— » ^- ir*— dec 

^2 2.3 

(19.) Prov,that^=^-^-^-&c. 

(20.) If coas+an.ay/—l=e"^\ and iP take the parti- 

cular value ^> prove the two formuke of John Bemouilli, 

namely, 

x= — v^— l.log(— 1), and 



ImplicU FuncUons. 

Ex. (1.) Given m'— 3 w+a?=0, to expand u in a series of as- 
cending powers of a. 

4 
"Whend?=0, w»— 3m=0, :.u=0, .... :.Uo=0. 

^ ndu ^du ^ ^ du 1 1 »T 1 
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-2w — 
d^u 1 da 2 u —1 



^- 3(1*2-1)2 3 (1*2-1)2 3(„2_i) 
2 u 



y ir,=0. 



~ 9 (1*2- 1)8 

rfa^- 9 («2-l)« 

_ 2 -5«a-l -1 _ 2 5ttHl JT-— 
-~ 9" («2_i)4 •3(u2_l)- 27 («2-l)4'* »~27' 

„ (m2-1)«10»$^-(5«2+1).5(«2_1)4 2«^ 
rf<M 2 ^ ' ew ^ 'as 

'd^~~ 27 («2-l)»« 

20 -4tt»-2« _ 48 2m»+w 

~8l* («2-iy ~~8r(«2-iy ^*-"* 

d»»_ 40 22t««+19«2+l /7_4<* 

■^-~243' («2-l)» ' ^'-243* 

Whence, by substitution in Maclaurin's theorem, 

« = 3 ■*■ 3S + 3*^ + **'• 

(2.) 2t*8— 2i;r~2=0; expand u in a series of ascending 
powers of x, 

« = 1 + 2:3 - 25^4 + **'• 
(3.) «2_|=6*;showth»t«=2+<r-l^+^+&c 

(4.) ««a?— 8«— 8«=0 ; show tiiat tt=--*^ p "" "95" ""^ 

(5.) 4w«^— tt— 4=0; showthat w^— 4--44iP^3(4)7a;2_4pc, 

D 2 
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(6.) If*— a^M+atftr— d;*=0; show that 

s? a^ 0^ . 

If = — — _ _ _ AU* 

a^ c? a/^ 
(7.) 8iau=xain(a+t(), show that 

tt==nr+sina74-ffln2aT— 5r+2sma(3---4siii2a)-T— jr-5+<fec. 
1 1 'J 1 • J*o 



CHAPTER VI. 

EVALUATION OF INDETEBKINATE FUNGnOK& 

men the two tem. of any fraction 5 cont-in a conunon 

factor, as or— a, and the particular yalue a be giyen to x^ 
then, since x—a will be equal to 0, the fraction will assume 

the fonn J. and be indetennn^te. 

Such a fraction is improperly termed a vcmishirig fraction; 
since its values may be finite, infinite, or nothing. 

When the common* factor is obvious by inspection, it may 
of course be removed by division. 

The method of John Bemouilli is to differentiate the 
numerator and denominator, s&pmraAdy^ until they do not 
vanish simultaneously by making dr=a, and thus to deter- 
mine the true value of the fraction in that case. 

Ifiiefolctionbeof thefonn^^fZ^ andmornbea 

fraction, this method of successive differentiation will not 
apply, since, however often we differentiate, we shall never 
eliminate the common factor. 
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In this case we may put adth for x^ expand both terms 
of the fraction in a series of ascending powers of h, and 
then put A=0. 

The process of evaluation of indeterminate functions 
enables us to find the sum of a series for a particular value 
of the variable. 

Ex. (1.) Find the real value of the fraction 

Here P=<w^— 2aca?+ac2, Q=zhaP—2h€a-^h€^, 

dP 
.'.-;— =2aa?— 2ac=0 ifa?=c 
ax 

4^=25a?-25c=0 ifa?=<5 
dx 

— =2a 

dx^ I xv p ^- 2a a 

dx^ 

ic*4-2a^— a?— 2 
WLet«=— ^Zl Knd «, when 0.=!. 

Here P=a;3+2a^-a?--2, Q^a?-l ; 

dP 



^ =3a^^+4a?-l=6 if a?=l ^ 

^=3^ =3 ifa;=lj *'""^" * 

ax 



(3.) tt= ; — =1, whend?=0. 

^ «— smo? 

-— ise*-^* cosa?=l-l=0 ifir=0, 



, =1— .0080?= 1—1=0 ifir=0, 

OOP 
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da? 



=6*— e^*^*(— sind?)— cosiT^*. cosd?=0 if a?=0, 



dar 

+ 6^*. 2cosa?sina?=l + 1 + 0-1 + 0=1 ifa?=0, 

-p-r-=cosa?=l ua?=0, .•.tt=-=l. 

aor 1 

(4.) M=(l— a?)tan-Tr-= =-> wlienir=l. 

^^ ^ ' 2 ^VX IT 

COty 

Here P= 1 — ar, ^=cot - a?, 

dP ^ dQ 2 

^—=—1. -7-= » make df=l, then 

<?© 2 2 TT . _--l_2 



(i!ir . oTT 1 2 



X IT 



(5.) «=— i ~ !•• Find t^ when «=:a. 

(a»_a!«)*+(«-ar)* 

Put a?=a— A, then 

{a2_(a-A)2}i+o-.(o-A) 



w= 



{a3-(a-.A)»}*+{a^(a-A)}i 
{3a2A-3aA2+A»}*+A*' 
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"**""A*(3a2-3aA+A2)*+A*~"(3a2-3aA+A2)*+l 

(2 a)* 
Now, putting A = 0, we have u = -j — ^— - • 

3*a+l 

. tana? — ain^g 1 i, a 

(6.) t*= -g =^> when d?=0. 

dJP 

dx 9id(?x — cos^ 1 1 — cos^^^r 1 — cos^^p 

TQ'^ 3^2 -^^ 3^""" Za? 

dx 

since the fector — ^-=1 when a?=0 ; 

cos^a? 

^P 3cos2a?.sina? sino? « -• i a 

:j;^= ^ =-^p-> V cos2^=l, whena?=Oj 

d(Jf^ ^x 2x 

iPP (xmx 1 , tan;i?— sina? 1 , ^ 

_=^-=-. hence 55^=3' ^^en «=0. 

^ 3^4-2 

(7.) Find the real value of -^ — ^ , » 5 when a?=l. 

Ans. 00. 

(8.) If tt=^Ll(f!zf^ when a?=0, «=^ • 

^ '' or 2a 

(9.) ««=—-;= > when a? = a, «=3a. 



a;i? — a 

(10.) M= 5 5 » when j?=a, tt=0. 

x^—a^ . 

^— 2;i? 
(11.) w=--; — , a r. r;;* when ;p=2, t«=oo . 

^^« cota?+coseca?— 1 , tt - 

(12.) t4= -f when ay=Tr* «=1. 

cota?— coseca?+l ^ 

rr 
X sma? — ^ 

(13.) M= > whena?=K' m= — 1. 

COB a? -6 
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(15.) Ifinrj ^=1, show that l+a?+aj2^. , ,a;*»"i=«. 

(17.) t«= ^-^ -S when «=0, w=4. 

(18.) M= — r» whena:=0, m=2. 

(20.),. ^=— I * when aj=l, M=log (-] . 

,„- . cos~^(l— a?) 

(21.) tt=— =:^==^, wheiia:=0, w=l. 

v2^— a^ 

.«„. ^-a+v^2aa?~2a2 

(^^J.) tt= . = 1, wneiia:=a. 

(23.) M=--» wheni»=oo, tt=0. 

(24.) ^= 1 , > whena?=l, w=2. 

a:— 1— iclog^j ' 

(25.) M=a?^-*=0, whena?=oo. 

(26.) w= 9 when a:=0, m=-^- 

ttx 8 

cot 

2 • 

(27.) Ky^— a?=0; show that when a approaches oo the 
limiting values of 6~* and y are identical, and that the limit- 
ing value of y is zero. 
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(28.)u=^P^^. wlien*=0, «=1. 

^ ^ log (tan ;r) 

(29.) w=^^ , , — ^= 5> when a?=«. 

(30.) M= — -J— tan— » when ;i;=a, u= • 

(31.) t«= 9 when ar=:«, «=me"^. 

X — a 

(32.) «= — (^+^)(^-^) ^_giii 4go ^hen ^_i 

^ (»-l)2+8m»(«2-l)* 



lofrfl+nx) 



(33.) u^=ie * , when a?=0, «=^. 

-- . . sin^^cosa? , - ^ 

(34.) «=-3 » when ;r=0, t»=2. 

^ 1— cosa: 



(35.) If the fraction -r^. j-z assume the form oo — oo 

when ^=a ; show that this illusory form oo ^ oo , and also 
X 00 are each identical with the form -• 



CHAPTER VII. 

MAXIMA AND MIKIMA. 
ONE YABIABLE. 



. If a qtiantity increases to a certain extent^ and tKen 
decreases to a certain extent^ its values at these limits 
respectivelj are a mftTiTrmTn and a minimum. 

If it repeatedly increases and decreases alternately, it 
has several maxima and minima. 
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If it increaaes oontinuallj or decreases oontmuaUy^ it bas 

no maxima or minima. 

Let u=:f(x) ; then, to determine the yalues of x which 

du 
render « a maximum or minimum, put ^=Ooroo,and 

substitute the possible roots of the resulting equation in 

^-s» then, if -73= a negative quantity, the value of ^ which 

is substituted renders u a maximum; if -7-g=a positive 
quantity, the value of x which is substituted renders u a 

A maximum or minimum can exist only when the first 
differential coefficient which does not vanish is of an efoen 
order. 

If u = a maximum or minimum, then au and — are 

a 

maxima or minima. Hence, before differentiating, we may 

reject any constant positive &ctor in the value of u. 

If tt=a maximum or minimum, then u** is a maximum or 
minimum if n is positive ; but when v=a maximum w^ is a 
minimum, and when f« = a TniTiiTmim t^"*^ is a maximum. 
Hence, before differentiating, we may reject a constant 
exponent. 

If K=a maximum or minimum, log u is a maTnmum or 
minimum. Hence, when the function consists of a product 
or quotient of powers or roots, we may use the logarithms. 

Ex. (1.) Knd when afi.—^sx^'\-ba?'\-\ is either a maxi- 
mum or a ipiniiniiTTH. 

Let «=«*— 5:F*-f5aJ*-f 1, then 

du 

—=z5x^—'20afi-j-l5aP, and putting this=0. 
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a;^— 4a?=— 3, a:=3, •'^=1, 
■J— =20a?^— 60a;2+30;p, and sabstituting sucoessiyely 

the values of a?, (0, 1, 3) in this expression, 
—-—=0, from which we can infer nothing, 

--— :; = 20 — 60 -)- 30 = — 1 0, which indicates a maximum, 
dor 

d^u 

----=: 540 —540 -|- 90= -I- 90, which indicates a minimum. 

dar 

Hence, when ^=1, t<=2, a maximum, 
and, when .^=3, tt=— 26, a minimum. 

(2.) If w= v^a^aP—2aa^y ascertain those values of x 
which make u a maximum or minimum. 

Rejecting the radical and the common factor 2 a, put 

dt£ 
u=:^2aaP~a?y -7-=4aa5— 3a52=(4a— 3a;)a5=0, 

;.4a— 3aj=0, aj=0, :,x=z-^f x=0, 

aaj^ 

-r-3=4:a— 6a5=+4a. 
aar 

„ 4a , /U^ 128^4 /64^ 

Hence x^-^ makes «= /\/ -^ ^^= /^ ^^ 



:= — x=.» a maximum, 



3V3 
a;=0 makes i<=0, a minimum. 

E 
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(3.) Determine the maTrima and Tninima Talues of the 
function i#="= x* 

1 l-hac? 
Putting M=-' we shall have »= ' 

/. -T-:;= +T' which indicates a miniTmim, 
do^ 1 

dH 2 

-r-5= — r^ maxiTnuTn, 

aar 1 

1 1 
.*. te=- — =-=?;' A maximuTn, 

l-hl 2 ' 

-1 1 

«=- — ^= — -, a minimum. 

(4.) Divide a number a into two such parts that the pro- 
duct of the nfi^ power of the one and the n*^ power of the 
other shall be the greatest possible. 

Let X, and a^x be the parts, then 
tt=a5*" (a— a?)". 

=af»~^(a— a;)""i {— ajn+(a— «)«»} 
=af "* (a— 05)*"^ {f»a— •(fn+n)a5} =0 ; 

.•.05=0, fl;=a, a;= • 

Or thus, log u^^^tn log a;+M log (a—^X 
Jttl_^w n rf«^ /am— fnos— fian 

dxu^ X a— » <;^«^ \ (a— a;)« / 
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t 

:. — =aJ»»(a— a;)»- . ^ Z =0, 

dx ^ ^ (a-^x^x 

:,x=.0, x=a, «= 



Now the values and a maj be rejected, since there can 
be no diyisdon of the line if x=:0 or a. 

Hence, differentiatiiig again, and substituting in 

the second differential coefficient, we have — 

-— -= — (m + n) . which indicates a maximum, 

ofn . an ,. 

.".05= and a— 05= are the parts. 

m + n m-\-n 

(5.) If tf=sin^cosa;, show that u is a maximum when 
«=60*>. 

T-= — sin^a sina$+cosa;3 sin^o? cosas 
dx . 

= 3 sin^o; cos^a — sin*aj= 0, 

.'. 3 sin^a; coa^x=faiAe, 3 cos2'a;= sin2a?= 1 — cos^a;) 

.*. 4 co3^a;= 1, cosa5=^> .*. aj= 60®, 

-j-^ = 3 sin^a;. 2 cos 05 ( — sin a;) + 3 cos^o? . 2 sin a; cos a; 

— 4 sin^a? coso5= — 6 sin^a; eosa? + 6 sin a; cos^a; 

— 4sin*a; cosa;= — lOsin^a; cosa;-|- 6sina; cos^a;. 

^ . v^ . . 3 3V^ 

Now sm 05= -5-' . . sm'a;= — 5—* 

d^u 30v^ 1 6v^ 1 24 /^ 
.•.^= g-.^+-2~g=- 3;^ V^,anegatiye result, 

3^/3 13/- 
/. w=— ——.-=-- V 3, a maximum, 
o 2 lb 
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(6.) Divide a number n into two such fia^ctorg that the 

gum of their squares shall be the smallest possible. 

n 
Let X be one &ctor, - the other : then 

X 

, «^ du ^ 2n^ ^ 

u^sirA — ;;» — =2a; =0. 

^a? dx a^ ' 

d^u 6»^ 6w^ 

-7-5=2 + --j-=2+— 5-=2-|-6=4-8, a positive result, 

.*. tt is a minimum. Hence the sum of the squares will be 
the smallest possible when the factors are equal, each being 
the square root of the given number. 

(7.) Into how many equal parts must a number n be 
divided that their continued product may be a maximum t 
Let there be x equal parts, then 

- is the magnitude of each, and . 
«=(-] is their continued product. 



du 1 
dx 



log«=a;log (-j=a; (log n— logo?), 
-=«./ j4-log«r-loga?=--l + logn— loga^ 



— =«{— l+logn— loga5}=0, 



dx 
:. logaj=logn — 1 =logn — loge=log( -J, .*. a;=:- • 

d^u / 1\ / 1 , , ^du 

.*. M=l — J =^*j a maximum. 



dx^ 
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(8.) Show that - — ■ is a maximum when x=z4:5°, 

^ ' 1-ftana; 

rfM__(l H-tanaj) cosa?— sina; (1 H-tan^a:) 
dx (l+taiia;)2 

cos 05 + fidn a:— sin 05— fidn a? tan^a; 

~ (l+tana;)2 

cosa:— sina: tan^a; 



(lH-tana;)2 



=0, 



.*.8ina?tan^a?=cosa?, -tan^ipzi:!, tan^ir=:l, .•.ar=45° 

cosar 

-7-5= — 2 '^^j a negative result, 

sina? - 1 /o 
1 -f- tana? 4 

(9.) If a be the hypothenuse of a right-angled triangle, 
find the length of the other sides when the area is a maxi- 
mum. 

Let X be one of the other sides, then 

v^o^Z^ is the remaining side. 

And area ^--x'/a^—n^, 
Now, rejecting the constant ^* we may t^e 

— =2a2a?-4ir«=2a?(a2-2a?2)=0, :.x—^, ar=:--^' 

-— =2a2— 12a:2-.2a2— 6a2=— 4a2, a negative result, 
.*.f< is a maximuTn, and the area is a maximum when the 
two sides are each =— 7=* 



E 2 
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(10.) What fraction exceeds its n^ power by the greatest 
number possible ? 

Let s be the fraction, then u^-af-^af^, — -=1— «4^"i=0, 

ax 



——=—n(n — l)j?*~2—_,i^^_lj. ______ i^hioh is negative, 

/.tf' is a maximum. . 1 

Ans. 




(11.) Within an angle BAC a point P is given, through 

which it is required to draw a straight line so that the 

triangle cut off hj it shall be the smallest ^ 

possible. 

Let PN =^a, A N — h, AD — x, then 

ND^x-h, ND:PN::AD:AEoT T~^ t 

dx / \ . 

x—h : a :: X : AE, .*. AE:=z . b o 

x^o 

1 1 CLX 

Now area ADAE=-AD'AE8inA=z-^» -mnA, 

2 2 x — o 

_ ofl du^{x—b)2x—a^^a^—2bx__x{x^2b)__ 

'-'"'-j^h di" {x-^bf — (;r-^~ {x-by ' 

:,x=:2b, 
dh€ {x-by.{2x-2b)-{x^-2bx).2{x-b) 

2(x-b^-2(x^-'2bx) _ 21^ _26g_ 2 
- {x--bf ^{x-bf b^^'^b' 

a positive result, .*. the area is a minimum. 

Since AD=z2AN, :.DE=:2DP, :. the line must be 
80 drawn as to be bisected by the given point P. 
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(12.) From two points A, B, to draw two straight lines to 
a point P in a given line ON, so that AP-^-BF shall be a 

•niiTiiTniiTn - 

Let be the origin of co-ordinates, and the given line the 
aids Qi s. 

Let OP=-Xy and let the co-ordinates of il be a, 5, and 
those of ^ be a„ h^, Then b 

A P= '/aW^^TM^= y/b^^{x-af, 
:.u=AP+BP= v^^2^(^».^)2_j. y6TP(^3J)2 aminimum, 




^u 



x—a 



a,— J? 



=0, 



> or 



^ — a a, — a 

MP NP 

-jp-'Wp* .-. z APM=BPN. 

(13.) If the length of an arc of a circle be 2 a, find the 
angle it must subtend at the centre so that the correspond* 
ing segment may be a maximum or minimum. 

Draw CD bisecting the arc, and let a? be the 

radius, then -= Z ACD. 




X 

Now area segment- iiZ>i?=8ector AGB— A ACB 

* 

±=- rad X arc— - a;^ sin il(7J? 

1 , ^ . ACB ACB 
=aa?— -^ar. 28m cos 



.'. u=a4?— or sm - cos -> 

X X 
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du 
dw 



x\ a/ \ x^f X x\ STf 



— 2j7can~co8- 

X X 

=a— asm-* — Yaix^ x2sin-oos- 

X X XX 

.0 2^ O • ^ ^ 

=a— a+Zacos-* d?2sm-cos- 

•T XX 

=2co8-|acos arsin-) =0. 

x\ X Xf 

mi ^ t\ €1 T 2a - - . . 1^ 

lake cos-=0, /.-==-* d?= — * and the segment is a ^Q 

= Tnn.TiTmim 

. a 
sm — 

mi « .a . ^ J. ^ ^ 
lake a cos — ^ a? sm ~* . . = tan — =— > 

XX a X X 

cos— 

.•.- = 0, .'. ar = 00 and w = Tninimum. 

(14.) Within a given circle to inscribe the greatest isos> 
celes triangle. 

Let radius OA=:a, AB^AC—Xy BG^^y^ ^ 

Also A=^=^£:^?f^^=,v^:^i:p. 

«*=4aV-4aV, 4aV=4aV-««, 2ay=arv'4a»-«a, 

2a 
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111 . 

l^ow A = — -A=--— ir2. ^y^4^2__^ a maximum. 
^a 2a 2a 

Put w=d:fi(4a2-a^^=4aV~a^, 
— =24aV-8a7=0, .\ 8^=24aV, 

^C^=2y=-a\/3v/4a3-3a2=:av/3, and A is equilateral. 

(15.) Of all equiangular and isoperimetrical parallelo- 
grams, show that the equilateral has the greatest area. 

The perimeters of the figures being aU equal, the perimeter 
of each may be considered as one line, and the proposition 
then resolves itself into the following. " To divide a given 
straight line into two such parts that iAie rectangle contained 
bj those parts shall be the greatest possible." 

Let a be the line, a^ one part, then a—x is the other, 

w{a—x) is the rectangle, and u-=.as—sfi, a maximimi. 

-;-=«— 2a?=0, ;.a?=Tr' 

ax 2 

/. the line must be divided into two equal parts, and the 
parallelogram will be equilateral. 

(16.) Of all triangles on the same base and having equal 
vertical angles the isosceles has the greatest perimeter. 

Let a be the base, d the vertical angle, x and y the two 
sidesy then u =a-|-a?+y=a maximum. 

dy _ - dy 

2cosa«iP-T^rf 2ycosa=:2ar+2y~-; — a?cosa-}-ycosa=j7— y, 

.'. — (a?— y)cosa=a?— y, .\df— y=0, 
;. ;r=y, and the A is isosceles. 
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(17.) The segment of a circle being given, it is reqtdred 
to inscribe the greatest possible rectangle in it. 

Let BAD be the segment, radius ^ a, p^ ^ 
AM^=x, draw -4(7 through the centre per- /T 
pendicular to PM or BD, Let AC^=^h. 

Then PM^z:^{2a—x)x, Euc. B. iiL p. 35. 

.-. PM=: s/'iax-t^, MG— h -ar, 

Area rectangle —MC • 2 PMz=. 2 (6 —a?) v^2aa?— or*. 

Put M=(6-a?)2.(2aa?-a^^, 

^=(J-ip)2(2a-2a?) + (2aar-a:2).2(ft--r)(-l)=0 

.'. (J—o?) (a— ir)=2aip— ip2^ aft— od?— 5a?+ar^=2<M?— a^, 

3a4-ft=tv^9a2~2aft + ft2 
/.d?^ . 

(18.) To cut the greatest parabola from a given right 
cone. 

Let BDzzza, AD^h, BG^x, GD-a^x, 
Then v BN'DM is a circle, and MG^NG, 

:. MG^^BG' GD, MG^ ^x{a--x\ 

MNz=z2^ax-al^, 

Aho BD: AD :: BGiPG, :.PG= ^^ 

Area parabola=~ PG* j3fi\r=- — • 2 \/<m?— d?^, a maximiun. 

o o a 

Put u=a^(ax^aP)=aa^—x^, 

ax 4 

(/^z^ 9 

—7-5= — J a^^ which indicates a maximum. 
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(19.) Within a given parabola to inscribe the greatest 
parabola^ the vertex of the latter being at the bisection of 
the base of the former. 

Let ^il (7 be the given parabola^ Z its latus rectum, y^ 

AB—a, BDzrzhy DNz=zafy PN=iy. 

2 2 

Area parabola =^ • 2 PJV* i\ri)=- '2yx. b 

o o 

Now *.* the square of any ordinate to the axis = the rect- 
angle under the latus rectum and absdssa^ 

^ y? a—a b > 

.•.52=-— -» y=-7=va-ar, 

.*. area parabola = ■=.x*^ a-^x. 

3 v^ 

Put tt=«^ (a—sc) = (W^— a?*, 

-r-=:2ad?— 3dp2=0, :,3cfi=z2aXf «=o*« 
ax o 

(20.) Inscribe the greatest cylinder -within a given right 

cone. 

. Let ABO he the cone, AD=^a, BJD^b, DN=Xy PN^f/y 

AN'=^a—x. 

Volume of cylinder ='^*{2PNf. ND^iry^x. 

BD 
AD : BD :: AN : PN^ :.PN:=^rj^'AN, or 

h ^ 

y =- (a— d?), .*. cylinder =ir • -5 (a --xfx. 

Put it=(a— j?)2a?=a^a?— 2aa^-|-dp®, 

-^=a2— 4ad?+3d;2=0, .'.Sa^— 4aiF=— a^, x^aox-^- 
ax . ^ 

hi a\ %, ,. , 4«^ a 4Taft2 




y=-.^a— ^^ =^ 6, cylinder =7r 



9 3" 27 
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(21.) If the Yolume of a cjlinder be a, find its form when 
its soT&uoe is the least possible. 

8uT&ce = oon^ex soifiice + 2 area of base 



Volume =a=BC^-'^-AB=^xy^, 

4 4 



• • iF^"~ 



4a 

Hence tt=x.--2^+?^=T+|^' 
du 4a . 






, 64a*__ 64a* __4a 

~ w*^* ~ ^ 16a*~ ir 



•.ar=y, 




or altitude = diameter of base. 

rf'i* 8av 8a _ , 

-r-7,= — r- +ir=— 5 +x= +ox, a positive result, 

A*t* y y ' 



.'. the 8ur£EU3e is a minimum. 

(22.) The latitude c^ a place and two circles parallel to 
the horizon being given ; to determine the declination of a 
heavenly bodj^ whoee apparent time of passage from one 
circle to the other shall be a TnimmnTn . 

Let F be the pole, Z the zenith, Sy S^ tiie positions of the 
heavenly body on the parallel circles, the polar distances 
FS, FS, being equal, 

Z ZFS=F, ZFS,=F,, polar distance FS or FS,=x, 
arc ZS=a, ZS^^^a,, latitude =/, declination =^; then 

'.' the passage along the arc SS, is the shortest possible, 

.'. the angle SFS,=i a minimum, 
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,dSPS.^ d{P,-F) ^^ .dP,^dP^ 

" dx dx ' " dx dx 

^ dP cots dP, cots, 

da sm^ dx eanx 

cot /S^__cot^, , e«-e 

gm /— cosa coso? ^ sinZ— cosa. cos^ 




i , 



Again cos S= : : > cos S, = 

° Binasmx sma, sinor 

sin /— cos« cosa? sin Z — cos a, coso? 

.-. : = : ■ » 

sin a sina, 

cos^(a,+a) 

cosd7= -sin/. 

cos ^ (a,— a) 

And *.* the declination is the complement of the polar 

cos-(a,+a) 

distance^ .'. suiS= •sinZ. 

cos-(a,-a) 

Cor. If a=~> and a,=~+2J, this expression becomes 

sin3=— tan</sLn/; and if the heavenly body be the sun, 
and 2(Z=18^ nearly = his depression below the horizon 
when twilight begins in the morning or ends in the evening, 
we are enabled to determine the time of shortest twilight by 
means of the analogy rad : sin lat :: tan 9^ : — sin^, where 
the negative sign indicates that, if the latitude be north, the 
declination will be south, and vice versa. 

(23.) The centres of two spheres (radii rj, r^ are at the ex- 
tremities of a straight line 2 a, on which a circle is described. 

p 
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Find a point in the drcmnferenoe from which the greatest 
portion of spherical sur&ce is visible. 

Let X and y be the distances of ..---^=i 

the point from the centres of the ^ 
two spheres; draw tangents EA^ 
EB, ED, EF', join AB, DF. 

Then, of the sphere (7 the portion 
visible is the convex snr&ce of the 
segment A HB S, whose area = height JIS x drcumference 
of the sphere. 

Now a? : ri :: r^ : CS, :.CS=—9 .'.height of segment 
^n —^HS, circumference of sphere = 2 Trr^, 

:.2irrilri ^j= visible portion of sphere 0; and similarly 

(f \ 
r, ^j=visible portion of sphere c. 

Hence 2?r-j rJri—. — j -{-rJr^ ^J >= whole visible surfeu^e. 

Put u^rf— — + r,2— !!, then 

a? y 

dx 0? y2 "" ' " gfl y^ dx 

But y= ^/4^23^, .-. ^= - ^ > 

„ r^ r J* : a: r-^or 

Hence — = — 
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(24.) Of all ellipses that can be inscribed in a rhombus 
whose diagonals axe 2 m and 2nf show that the greatest is 

that whose major and minor semi-axes are — -;= and 



a/2 >/2 

respectively. 

^^CZ> the rhombus, OC=:m, OB=n, 
a and h the semi-axes of the ellipse. 

Let ON=a:, NP—y, Then by the 
properties of the eUipse 




OC'ON=a^ OB^NP^l^, 


or m>x^=.a\ 


n-y=.l^y 


:. m^a^=a^. a\ n^if^z=.V^. V^, 


a? a2 
a^ m" 


y^ 62 
^2 n2' 



SC^ V d 

.•.-5-|-To=--5H — 5=li • • • (1)> where a and 6 alone 

a^ h^ m^ n^ ^ ' 

must be considered as variables. 

But, area ellipse :=7rab=' a maximum. 

Rejecting the constant n, and differentiating this and 

equation (1), we have 

db a h db ^ 

da m^ n^ da 

a 1 5 1 m n 



wi \/2 n v/2 a/2 v/2 

(25.) KM=^-.ar3-|-22a^*— 24a?-f 12, find the values of a: 

which render u a maximum or a minimum. 

Ana, When ^=3, ^ is a minimum, 

3C=^2, t« is a maximum, 

^= 1, t£ is a minimum. 

(26.) Find when a^— 6a?2-f9iF+10 is a maximum, and 

when it is a minimum. -^^p^ o • 

When 07=0, t£ is a minimum, 

^= 1, u is a maximum. 
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(27.) Find the maxiina and minima valnes of the fnnction 

When a?=;7-» tc is a minimiim. 
oa 

h^ . 
x=z — ^— ^ tt IS a maximum. 
oa 

(28.) t£=7 r^» ascertain when u is a maximum and 

(a — xY 

when a minimum. _-, a . . 

When d:= —a, t«= — a» a minimum, 

ic^=. -^-a^ tt=QO , a maximum. 

(29.) u^^oF'y find when u is a maximum. 

a?=«=r2 -71828 &C. 

(;r + 3y^ 

(30.) tt=) 5^5 determine when u is a maximum and 

(df-f--^) 

when a minimum. d?= —2, tt=QO , a niaYiTmmn^ 

(31.) w=:a?-}- va*— 26ir+a?2; when is w a maximum? 

When x^='-^f *'=^rr+^> a ma.7nmiim. 

(32.) tt= S show that tl is a minimnni 



when ar= A / • 

V 2 



(33.) t<=sec;r+ooeec^ j show that te is a minimum when 

(34.) In a given triangle to inscribe the greatest paral- 
lelogram. 

Ana. Side of parallelogram = \ side of triangle. 

(35.) A column a feet high has a statue on the top of it, 
the height from the ground to the top of the statue is h feet ; 
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find a point in the horizontal plane at which the statue sub- 
tends the greatest angle. . /-rr j. j^ xi. t_ 

° ° Ana. vao feet fiom the base. 

(36.) Show that the difference between the sine and 
versed sine is a maxiinum when the arc is 45°. 

(37.) Let A C and BI) be parallel, and join 
AB; it is required to draw from C a straight 
line so that the triangles EOD, AOC together 
shall be a Tninimum. 

Let -4(7=a, ADz=h, AO=zx; thenir=V^. 

(38.) The base and vertical angle of a triangle being given, 
show that when it is isosceles its area is a maximum. 

(39.) A &rmer has a field of triangular form, which he 
wishes to divide into two equal parts by a fence ; find the 
points in the sides of the field frt>m which he must draw the 
line^ for his fence to be the least possible expense to him. 

Ans. If a, ^, c be the sides, the distance of each point 

from the angle C is a/ -^ and the length 



of the fence is ^tz3±^p^I±) 



(40.) If the greatest rectangle be inscribed in an ellipse, 
the greatest ellipse in that rectangle, again the greatest rect- 
angle in that ellipse, and so on continually j show that the 
sum of all the inscribed rectangles is equal to the area of any 
parallelogram circumscribing the given ellipse. 

(41.) Prove that the greatest area that can be contained 
by four straight lines is that of a quadrilateral inscribed in a 
circle. 

(42.) Inscribe the greatest ellipse in a given isosceles 

^ * Ans, Major axis =-^ altitude of triangle. 

F 2 
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(43.) A tree, in the form of a frustram of a cone, is 
n feet long, and its greater and less diameters are a and b 
feet respectively ; show that the greatest square beam that 

can be cut out of it is ;r-, rr feet long. 

3(a— -o) 

(44.) Describe the least isosceles triangle about a given 

circle. The triangle is equilateral. 

(45.) To inscribe the greatest right cone in a given sphere, 

whose radius is r. 

f 
Distance of base of cone from centre of sphere =^« 

(46.) If the polar diameter of the earth be to the equato- 
rial diameter as 229 : 230 ; show that the greatest angle 
made hj a body falling to the earth, with a perpendicular to 
the sur&ce, is 14' 58", and that the latitude is 45** 7' 29". 
See fig. ex. 9. page 84. 

(47.) In a parabolic curve, whose vertex is A, and focus 
S, find a point F, such that the ratio A P : SP shall be a 
maximum. j^p . gp .. 2 : ^/3. 

(48.) Inscribe the greatest parabola in a given isosceles 

triangle. , 3 . . 

Altitude of parabola =2 altitude of triangle. 

(49.) If in a circle, whose radius is r, a right-angled tri- 
angle be inscribed j show that, when a Tuaximum circle is 
inscribed in the triangle, the area of the triangle is r^. 

(50.) Inscribe the greatest cylinder in a given prolate 
spheroid. 

(51.) Required the maximum and minimum values of u 
in the equation u^—a^x-^-a^^^O. 



^cot# 



(52.) tt= — -- } find the ma.ximnm and minimum values 
^ ' cos"a? 



of tf* 
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(53.) Show that the greatest paraboloid that can be in- 
scribed in a given right cone is ~ of the height of that cone. 
(54.) tt=^^~^'j show that when u is a Tnaximnm, 

{55,) Find that sphere which, being put into a conical 
vessel of given dimensions, will displace the greatest possible 
quantity of fluid. 

(56.) Two circles of given radii intersect each other ; find 
the longest straight line which can be drawn through either 
point of intersection, and terminated by the circumferences. 

(57.) K a tangent to a great circle of a sphere measure 5|, 
and a perpendicular to a tangent meeting the great circle 
measure 4 feet ; show thafc the volume of the sphere is to 
the volume of its greatest inscribed semispheroid as 27 : 16. 

(58.) Find what values of x make (jf— 2) (d?-|-3) (5— a?) a 
maximum or TniniTmim, and distinguish the one from the 
other. 

(59.) Inscribe the greatest cone in a given hemisphere 
ABC, the vertex of the cone being at A. 

For other examples and solutions see chap. xL 



IMPLICIT FUNCTIONS OF TWO VARIABLES. 

If u=zf{3p, y)y u being an implicit function of the two 
variables x and y, by putting — = 0, we shall find the 
values of x which render y a ma,ximum or TnimTmim. 

By substituting the particular value of d? in (-r-r -^ — ) > 
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if the result be podtiye, y will be a maYiniiini ; if negative, 
a TnininniTn. 

Ex. (1.) Let u=afi— 3 a^X'{- 2/^=^0 ; determine the maxi- 
mum and miniTnum yalues of y. 

Differentiate with respect to a, considering y constant. 

dx 

— — == 6 X. Differentiate the given function with 

respect to y, ccmsidering x constant. 

-— =3 v^. Substitute the values of x in w. 

ay 

d^u dy ex 6a . V2 

.'. r--^= = j=H ' a positi-we re- 

dx^ dx 3y^ 3a2.2l a 

suit, .*.y=a>/2 is a maximum. 

d^u dy 6x --ea V2 

1--^=: = - = 1 a negative re- 

da^ ' dx 3y2 3a2. 2* a 

suit, •'.y= —a V2 is a minimum. 
(2.) u=ofiSaxy-\-y^=0 ', show that when x=^0, y=0, 
a minimum ; and when x=^av2, y=zavi, a maximum. 

(3.) 4iFy — y*— a?*=2 ; show that when a?= +1 or — 1, 
y = + 1 or ~- 1, neither being a maximum or minimum. 
(4.) y2— 3=— 2ir(j!y+2); showthat whend:=l,y= — 1, 

neither a maximum nor a minimum; but when iP=— -^t 

y=2, a maximum. 
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CHAPTER VIII. 

FUNCTIONS OF TWO OR MORE VARIABLES. ' 

If u=^f{x, t/), X and y being two variables independent 
of each other, then 

d'^u d^u d^u d^u d^u dhi 

9 



dydx dxdy dy^dx dxdy'^ dyda^ dx^dy 

, „ d^^^u dV^u 

and generally -; — ;— =-; — r- • 
® ^ dy^daf dafdy"" 

In a function of any number of variables, the order of 
differentiation is indifferent. 

The total differential of two variables is equal to the sum 
of the partial differentials ; or if M=/(a?, y\ 

/du\ , /duy 



d^= [£) ^+ (■£) dy- 



dyi 

d^u y d*u 

i»w=-7-~aii?"-f-n - ^ , - daf^'^dy 
daf^ daf^~^dy 

d^u 
Ex. (1.) Lett*=a^y2; ^d du, and 



dxdy 



To find the partial differential coefficient l-r-), consider 
y constant, and differentiate with respect to x ; and to find 
( — ), consider x constant, and differentiate with respect 
to y. 



5>8 FUNCTIONS OF TWO OB 

^"^ ^^ 1^ *"^ S^' <l^'«'ita»te (-) considering x 
constant, or differentiate f ~ j considering y constant. 

^"~ (^) ^^"'" (5^) ^y—^^y^^^+^!/^<^i/ 



flfyfl^ '^ fl/a?<3(y 



(2.) «=^; find ''^^ 






2 

12)2' 

fl?2^ _ (a?2-.y2)2>8d?y--4ary2>2 {x^-y^ (~2y) 

(^-^2)3 - (0^-^2)3 



{a^—y^Y dxdy 

(3.) ti=8in"i -; find <f m, and •^— ;-? 

y dydx 

1 <f u 1 

sinw=— d?, C0S«-r-=-> 

y dx y 

' (^^\— ^ — ^ 1 

*\(/ar/ycosM""yVl_gui2j^"" / ^ 



y^ 



y' 
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Again smtt=-> consider x constant. 



y 



du X 

dy y^ 



du\ XX X 



/au\ X 

"Kdyl'^ y^cosu" y^y/l^mi^u'~ y>/y^—a^ 

Kence du=[^)dx+(^)dy 

- 1 ^ — 4_jy=^^^-^^^ 



y 

d^u ^yy^^a^ —y d'^u 

(iy(/j7 y^—x^ {r/^—x^^ dxdy 

(4.) w = » o J find i«, and show that 

<i[2|^ 2a? d^u d^u ^xyz d^u 

dxdy cL^—z^ dydx dxdz (a^—z^^ dzdx 

d^u 2x^z d^u - 

dy dz "" (a^ — z^^ dz dx 

d^u 4txz d^u d^u 



dxdydz {a^—z^^ dzdydx dydxdz 

First differentiate considering y, z constant ; then consi- 
dering Xy z constant ; and lastly considering x^ y constant. 

du 2xy du a^ du 2a^yz 

dx a^—z^ dy a^^z^ dz {a^—z^^ 

2xy J ^ J . ^x^yz J 
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Now -=-= ^ » « Consider x. z constant, and differentiate. 
ax a^—z^ 

(Pu _ 2x 
dxdy a^—z^ 

■J ^o 

-;-=-5 5- Consider z constant, and differentiate. 

dy a^—z^ 

d^u __ 2x d^u _ 2x _d^u 

dydx cfi^z^ dxdy d^ — z^'^dydx 

Affain -7-=-o s* Consider a?, y constant, and differentiate. 

° dx a^—z^ " 

d^u ^'—2xy'{—2z)__ Aixyz 

-7-=7-o— ^-3vo • Consider y, z constant, and differentiate. 
dz {a^^z^ 

d^u 4xyz _ d^u 4:xyz d^u 

dzdx^i^—z^ dxdz" {a^-^z^'~ dzdx 

Again ;7-=-2 §" Consider x constant, and differentiate. 

ay €L ~^z 

d^u _ -a^'{-2z) __ 2x^ z 
dydz" (a^'-z^ ""(a2-;y2)2* 

■--= ^ . Consider x. z constant, and differentiate. 
dz {a^—z^ 

d^u 2cflz —. d'^u 2a^z d^u 

Hence 



u U mX 

Now J J = -5 5 • Consider a?, y constant, and differentiate. 



dzdy {a^—z^ dydz {cfl^z^ dzdy 

d'^u _ 2x 
dxdy a^'-z^ 

dfiu _ — 2a?(— 2;g) _ ^xz 
dxdydz" {a^^z^^ "{a^-^z^^* 

d^u 2x^z 

J , = j-2 — 2\2 ' ^'^^^or y, z constant, and differentiate. 

d^u __ ^xz 
dzdydx^{c?^z^* 
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dydx a^—z^ 

d^u _— 2a?(— 2;g)_ 4:xz 



Hence 



dxdydz (a2-;2?2)2 (a2-;2r2)2 

d^u 4xz d^u d^u 



dxdydz {(j?—z^ dzdydx dydxdz 
(6.) u-=2X^y^ ; find du^ and show that 

d^u o e» ^^^ 



dydx dxdy 

(7.) w=-3^ du=-2{5ydx'-3xdy), 

(8.) tt=a?y j du=xy (-dx+logx dyj , and 

dydx \x X / dxdy 

y^ dydd?"^ y y^ y~ da^dy 

(10.) «=y8indf4-a?siny ; show that 

<3?2m d^u 

•= cos 0?+ cosy = 



ay air 007 ay 

(11.) w=sin {ofiy) ; show that 

d It d u 

^^=2^ { cos (^y) -^y sin (*V) } =^^ • 

(12.) u= „^ i show that 



2x-{-z 


' 7 

f 


• 


■ 




d^u 


2« 




d^U 

dy dz^" 


d^u 


dz^dy 


~{2x+ 


«)»" 


'dzdydz' 


d^u 
dxdz^'^ 


2yiz- 
■ (2a;+ 


4«) 

zy- 


d^u 

" dz^dx 


d^u 

^dzdxdz 
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(13.) tf= ^i ^ikdduj aad show that 

dychf Qe 4-y)* </iF^y 

(14.) tt= {(a-ar)H(^-y)H(c-^)2}"* j stow that 

d^u d^u d^u^ 
dx^ djf^ d»^ 

(15.) ttssffln*"!-^; findrfw, and show that 

d^u 1 d^u 



dydx y^{2x — t/)i dxdy 
(16.) «=Bin"^-^ — ^\ show that 

2 , , - . d'^u 2(^-y2) J2m 
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EULEB'S THEOBEll FOR THE INTEGRATION OF HOUOOENEOUS 
FUNCTIONS OF ANY NUMBER OF YABIABLES. 

If t£ be a homogeneous algebraic function of n dimensions 
of any number of variables x, y, z^ <fec., then 

du du du , 

Ex. (1.) v= — ; — i hepen= — ^• 

^ ^ x+y 2 

du_ {x+y)'^x-i'-(x^+y^) itf_ (a?-fy)'iy"*~(^^-fy^) 
dx i^+yy ' dy'^ {^^-Vf 
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x^-y a+y 2* 

(2.) tt=sin"i (—r^) i liere n=0. emu=—^^^9 

\a;+y/ V7^ 

aw 2viF — V 2va?+v 
C0Stt-7-=- ^ i^ 1-^ 

ax sc+y 

_ y 

du it 



da v2y»(d74-y)\/a? — y 

S. ., - at* - "—x 

unilarly — =- 



dy */¥y (a? 4- y) v^^r— y 

• ^^" . ..^^— ^y-^y rt 

••^ — hy — = ^ — 7=z===0. 

€^ eiy '^2y{x-\-y)Vx—y 

(3.) «= \/^+p ; here w= 1 . 

dx ^ dy ' d^sr?^ ^ dydx^^ dy^ 

(4.) «=(ir+y+^)2i lieren=2. 

du du ^^_9 

fK \ ^y^ .1. o du du ^ 

(5.) w=— ^, lieren=3. fl?-5-+v— =3m. 

^+y dx ^ dy 
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CHAPTER X. 

ELIMINATION OP CONSTANTS AND FUNCTIONS BY 

DIFFERENTIATION. 

Ex. (1.) Lety— 00^+^=0 j eliminate the constants a and 5. 

-^— 2aa?=0, a=-^.-— . 

ax dx 2x " 

Substituting this value of a in the given equation, 

dy X . 
y— — .-+0=0, an equation from which a is eliminated. 

To eliminate 5, take the equation •~=2aj?, and proceed 

dx 

to the second differential coefficient. 

flwr dx 2x 

d^y dy 1 
.*. -t^=tJ-.-> an equation from which a and b are 

cbr dx X ^ 

both eliminated. 

(2.) y^—ax—hcfi^iO ; eliminate a and ft. 

2y-£^a+2hx, :.a=^2yj- --Ux (1) 



Differentiating again, we have 



... 



(2) 



Substituting from (1), (2), the values of a and h in the 
given equation, there results 

which a and ft are eliminated. 
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(3.) I^y=asindf+6Bm2a?; ^+^^+^^"^- 

-~=a 00807+25 cos2^, -74=-- *sina?— 46sin2d?, 

cue cur 

-T^= —a cosiF— 86 oos2;r, 



- .•.^+6g+4y=0. 



oar 

5 -ro=— 5a siiid?— 205 sm2^^ 

4y=4a amd;+45 sm2df. 
(4.) y =«*-!- <w"^; eliminate a. 

Substitutiiijg this value of a in the given equation, 

(5.) If.=^g)+^(x^); ^.g-y«g=0. 

Krat, consider y constant, and diflferentiato with respect to as. 






=>''g)+»"»'<'5')- 

o 3 
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Again, ^(-] +^(^^). Consider d? constant, and differen- 
tiate with respect to y. 

|=..lrg)+^'(^)=/©+-f(-^), 

d z d z 

Hence ^_-/_=0. 
(6.) Let y^zmsfi ; eliminate the constant m, and show that 

(7.) Let y = vw^+w ; eliminate m and n, and show that 

(8.) Let a+c{cx—y)=0 ; eliminate c, and show that 

fl^ veto/ 

(9.) Jjei a^4'-^y^=:-' : eliminate the constants a and 5, 
^ a-* a 

and show that a?y T^+a? (-—) — y -~=0. 

(10.) Let (a— l)(iF+y)— ^ + « = 0; eliminate a, and 

show that y2^-y+l4.(a;3^.^+ 1)^—0. 
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(11.) Let ctanrwa?— ysecma? + a=0 j eliminate a and e, 
and show that -7-^ = — m^t/ . 

(12.) Let y =6* cosar ; eliminate the circular and exponen- 
tial functions, and show that y=-r^ — o jia* 

ad? J dctr 

(13.) Let y=w cos(ra?-|-a) ; eliminate a and «, and show 

(14.) Let y = sin (logo?) ; eliminate the functions, and 

d tj dfi 
show that ^ -T^+^-r-+y=0. 

doc^ dx 

(15.) Let y = a«2*giii^3^^ jj J eliminate a and 5, and 

show that ^ -4^ + 13y =:0. 

tiMr dx 

(16.) Let (d7— a)2+(y— j3)2=:r2; eliminate a and /3, and 
show that 75 — 5 — =r^ 

(17.) Let y= — ; eliminate the exponentials, and 

show that y^= 1 — f- • 

^ dx 

(18.) Let ^ = 0(^~y^; eliminate the arbitrary 

dz dz 
fdnction 0, and show that y^ — l-a?-7-=m;2r. 

1 y , , 

(19.) Let -xz=^<l> — ; eluninate the function <p, and show 

., ^ dz dz ^ 

that *-+y^+;,=0. 
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(20.) Let -=zt^^ j eliminate the function 0, and 

show that (y— ^)^+(^— y)T-=a?— a. 



CHAPTER XL 

MAX IM A Ain> MINIMA. 
FUNCTIONS OP TWO OS MOBE YAltlABLES. 

If « Ibe a fmction of two variaUes x and y^ then putting 

^"— n ^^— o . '^ '^^'* ^^^ /^ ^^'^ \^ ^^" /? ^*" 
^"" ' dy" ' <^ (^ \dydx) dx^ dy^ 

having botL the siasne algebraic sign, u will be a Tnayimnm 

when that sign is negaJtwey ftnd a TniniimiTn when it is 

I( on substituting the particular values of x and y, de- 
termined by putting ^=0, ;t-=0, in the second differen- 
tial coefficients^ these should vanish, then the third diffe- 
rential coefficients must also vanish, or the function will not 

be a TnA-ginmiTn or TniniTTiiiTn. 

If «=/(*, y, z), then we must put ^ = ^1, ;r-*0, 

dvk 

-— = 0, and we must have the condition fulfilled that 

dz 

Cd^u d^u / d^u \^) fd^u d^u / d^u \^\ 
\d^^'d^''\d^)j'\d?dp^\d^)j ^"""^^ 

d^u dhi i^u d^u \* 



\dydz dx^ dxdy dxdzl 
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Ex. (1.) Let w=ar*+y*— 4airy2 j find x and y when u is 
a maximum or TniniTimmn. 

Difierentiate^ first considering y constant, and then 

X constant. 

♦ 

cbs ay 

,\a?=zay^, y^=^2ax, a?=^2a^x, a^=z2d^, 

^=12y2-8aa?=12a2v^-8a2^/2=16a2v/2, 

. d^u d^u^ d^u - . 0.1. 1 u • • ^ 

.. -7-5«-T-j>-r— r-> and smce the algebraic sign of 
ax ay^ axay 

g and g is positiTe, «r=±aA andy=a±y8, give 

t«= a minimum. 

If we take the values a?=0, y=0, then -7-5=0, and 

dx^ 

-7-5=0, and also the third differential coefficients 
dy^ 

d^u d^u 

da^ dy^ ^ ' 

Hence also a?=0, y=0, give m= a minimum. 

(2.) To determine the greatest right cone that can be cut 
out of a given oblate spheroid. 

Let ABBE be the ellipse which generates the spheroidj^ 
a, h its semi-axes, GN-=^x^ NP=zy=. radius of base of cone. 
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Then 



3^=5 (a^-^, 



j|« F 



equation to 

ellipse ; and 

V altitude of cone =uljy=a+d?, 
and 9r^= area of base, ^ 
.*• its roltuDie ▼ = ^ ir^. (a + x), a Tnayimnin, 
.*. ^. (a + d?) := a maximiiTn, 




" dx 



2y^(a+*)+y»=0, 



2(a + a?) a 



.(?y_ 1 

Bat, differentiating tlie 



equation to the ellipse, y=— Va^— a?^, we have 

dx a '/c^'^a? 



Hence v=-7ry2. (a4.d?)=^7r52.y=g^ xoi^. 

(3.) Let w=a?*+2/4— 2(a?— y)2; find the values of ;pandy 
which render u a maximum or minimum. 



du 



.•.«8~(ir-y)=0. 



^=42/8+4(^-y)=:0. 



4J»-f3^=0, a?**— 3/»— 2(0?— 3ir)i=:0, 






= 12aj2-*-4=24-4=20, 



dju 



=12y2-4=s24-4=20, 
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=4, •'•"To • T9> j~~J"' ^^°- ^"^^ *^® 



dady da^ dy^ dxdy 

aJgebraic sign of -7-^ and -7^ is positive, 

.*• a?= ±1 V% and y=^ V^, give «= a minimum. 

(4.) Let tt=5a{smay+siny+sin(a7+y)}; show that u is a 
maximum when j;=y= 60°. 

— =a{cosa?+cos(;i?+y)}=0, -T-=a{cosy+cos(ir+y)}=0, 

.". ip=y, co8d?H-cos(jp+y)=cosa?+cos2dr 

= COS 0? + 2 cos^^ — 1 = 0, 

11 1 

Qoa^x-\-zrQo&x=^jry .•.cosa?=-r> 4?=60°=y. 

2 2 2 ^ 

-=-2=a { — sina? — sin (^ + y) } = — a { sin 60 + sin 120 } 



{-.-U-.A 



^=a{-^siny-sin(;r+y)} = -a\/3, 
J , =a{ — sin(ic+y)} = —a ffln2a?^ —a sin 120= —a -^> 
.-.y .^>— -, and V the algebraic sign of ^ and 

^isnegative, ..«=-g.^/3= amaxunmn. 

(5.) A dstem, which is to contain a certain quantity of 
water, is to be constructed in the form of a rectangular 
parallelopipedon ; determine its form, so that the smallest 
possible expense shall be incurred in lining its internal 
surface. 
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Let d^ = its content, x = length, y =: breadth, then 



— = depth* 
xy 



ZL 



cfl 



/.soi^&ce =tf=^+2 — 1-2 — > a minimum. 

X y. 



S 



du 2(^ ^ 



du 2ofi ^ 
— =a? o-=0, 



:.a^y=zxy^. 



rd 



3 



a** a** 2*« 

;ry 2ta2 2 



Hence the base must be a square. 



and the depth equal to half the length or breadth. 

d^u 









=1. 



dxdy 
Hence u is a minimum. 



d^u d^u I d^u \^ 
dx^ dy^ \dxdy) 
(6.) In a given circle to inscribe a triangle whose peri- 
meter shall be the greatest possible. 

Let r be the radius, and B and <p two of 
the angles of the triangle ; draw BD X ^^ 
A C the base : then, Euc. B. 6. prop. C, 



C'a=iBD'2r, 

c sin0 
a smO 



.•.a=2r- =2r smd, 

c 



sm0 - . 

/. <;=-7— £ X a=2r sm0, 
sm6 




h _sin5__sin(7r— j5)__sin(fl + 0) 
a sin6 "" sin© "~ sin6> 

.•.6=?^i^±^.«=2r8in(fl+^), 

Hence M=a-|-c+ft=2r{sind+sin^-f-sin(0+^)}, 
^=2r {cosd+cos(04-0)} =0, 
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— =z=2r{cos^+cos(0+^)} =0, 

/.oo86=cos0, 6=0, 6+0=20, 

.•.cos6+cos20=O, cos64-2cos26— 1=0, 

C082d + -COSe=;r> .•.COSd=^> 0=60^=0. 

Hence the Z s are all equal, and the A is equilateral 

— :=^^r{ — sine— sin(d+0)} = — 2r {sin604- sinl20} 

= -2rv^, 
— =2r{ — sin0— sin(0+0)} = — 2r a/3, 

^ ** =-2r{sin(6-f 0)} = -2rsinl2O=-2r~=-r>/3, 



<^(^ 



dl^u d^u -^ « , <?2m d^u d^H 

;=12r*, and 37:5 ••t^> 



d6^ df ' (f62 42 - ^^^ 

Hence the perimeter is a TYiflYimnTn, 

(7.) To determine the least polygon that can be described 
about a given circle. 

Let di, 6a, 63, ... 6^, be the successive angles contained 
between the lines from the centre to the angular points of 
the polygon and the radii of the circle ; then if the radius 
be r, and the first of those lines be Z, the area of the right- 
angled triangle whose angle at the centre is d^ will be 

11 r^ 

-r^sin6^=-r.r sec6i. sin6i=— tanOj 3 
M A Z 

and similarly of all the n triangles successively, into which 

the polygon may be supposed to be divided ; so that the 

entire area of the polygon will be 

~ (tan 61 + tan 6a + tan 63+ . . . -|-tan6„). 

M 
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But taii0»=— tan{27r— (01-f 0,+ . , +d^i)} = — taD(27r— ^), 

where ^=6i+6,-|- . . . +0»-i« 
.*. u = tan 01 + tan 0,+ tan 63+ . . —tan (2^--^), a min. 
Now, differentiating with respect to 0^ considering the 

others constant, and remembering that di is contained in ^, 

the assumed sum of the series, we have 

-r-=sec20i— sec2(27r— 0i)=O, .*. ei=27r— 0i=0^. 
dOi 

And similarly, any one of the angles is equal to the angle 
iomiediately preceding ; hence all the angles are equal, and 
the polygon is consequently equilateral. 

(8.) Of all triangular pyramids of a given base and alti- 
tude, to find that which has the least sur£M;e. 

Let a, bf c he the sides of the base, h the 
altitude of the pyramid, 6, 0, 1//, the inclina- 
tion of the faces to the base. 

A* 

Then, if /? be a perpendicular from the ver- 

h h 

tex on the side a, sin0=-> ''P=- — =Acosec0, 

p sm0 

1 1 
area of flEu^e ^-^ap^^-^ah cosec0, 

.'. area of the three £M;es=^A cosecO -|- -^h cosec0 + -^h cosec\//, 

tf=~A(acosec0+5cosec^-h^coseci//) (1). 

Also, the base of the pyramid may be divided into three 

triangles whose altitudes are readily determined ; 

h aO 

V -r^=tan0, /. -r-=oot0, /. altitude aO=: A tan 0, 
aO h ' 

/. area A^ 0(7=7(1 •aO^^raA cot 0, 
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.'. areabase=:^aAcotO+^^Acot0-|-2''^^^*^' 
and putting this area =m2, we have 
m2=-A(acot6+5cot0+ccot;^) (2). 

From (1), -^=^— acosec6cot0— <rcoseci^oot4/^|^=0, 

— =— j —6 cosec^ cot^— c cosec;// cot )// ^V=0, 

.*. a cosecO cot d= — c cosec^// cot \f/ ^> 

^ cosec0 cot ^ = — c cosec i|/ cot ^-t'^ 

d\l/ , d}}/ d\l/ 

a cosec0 cot6 -j^ = — c cosec if/ ^* r TL'^T' 

6 cosec^ cot^ 77a~ ""^ cosec \f/ c^* r 315 * 1~' 

.'.acosec0cot0 — =0 cosec cot 0— .... (o). 

2m^ 
From (2),* -^=acot64-ftoot^-hccot\//, 

ccotiL=— r a cot 61-—^ cot A, 

n 

-c (1 4- cot^i/.) ^=a (1 4- cot^d), 

-C (1 + C0t2^) ^= 6 (1 + cotV), 

(l(h 



d\(/ a cosec^t? 

" dO"^ ccosec^i/' 

{]^t^ 6 cosec^^ 

fl?^'" ccosec^v// 



Substitute these values in (3). 
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^ ._ ^oosec^^ . ^ acosec'd 

aoosecOcotO- —^=bcoBec6cot<b* s-r* 

ccoBec^yp ^ ^ ccoeecr\p 

/. cotOcosec^=oot^oo6ecd, 

COS0 1 cos^ 1 

Similarly, by finding the partial differential coefficients 

—y —y considering first yj/ and then 6 constant, it may be 

shown that 6=t//. 

Hence 0=0= i//, or the &ces are equally inclined to the 
base. 

(9.) Eequired the dimensions of an open cylindrical vessel 
of given capacity, so that the smallest possible quantity of 
metal shall be used in its construction, the thickness of the 
side and base being already determined upon. 

Let a be the given thickness, c the given capacity, 
07= radius of base inside, y= altitude inside. Then 

Whole volume v=ir(a?H-a)2»(y-f a). 

Interior volume c^wa^y, hence the quantity of metal 
V— c=^(ir+a)2«(y-f «)— c=a Tninjmum, 
.". (a?-|-a)^*(yH-«)=a minimum. 

dec sC'^o 

c 



Buty=£.i •^^- ' ^ -"^ 



— • — r> 



'JT nc^ dx IT 0^ X'\-a 'ko? 

made equal to the radius of the base. 



Whence a? =y= (-) . Therefore the altitude must be 
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(10.) w^ofi—Zaxy-^-}^ ; find the values of a? and y wliicli 
render u a maximmn or minimum. 

^=a, y=a, t«=a minimum when a is positive, 
and a maximum when a is negative. 
(11.) u^=.acfi—ho^y^y^\ find the values of x and y which 
make u a maximum or minimum. 

(12.) u^=aar^y^—a^y'^-'a^y^] find the values of x and y 
which make u a maximum or minimum. 

a a a^ 

ir=-> y=o' ^=T^o * maximum. 

(13.) tt=(l_ I - -) . /l- f±i^^ ; find the values of x 
and y which render u a maximum or minimum. 

IT 

(14.) w=a cos^iF+ft cos^y, where y= j+^r; find the values 
of cos;r and cosj^ which make u a maximum or minimum. 
cos^ir=— it — —■ > cos^y =— di 
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u =^ (a 4- 5 it v^a^ + b^), a maximum with the upper, and 

a minimum with the lower sign. 

(15.) Divide a given number a into three such parts x, y, 

and z, that -2r+~7r"H^ shall be a maximum or minimum, 
Is o 4 

and determine which it is. 

(16.) Inscribe the greatest triangle within a given circle. 

The triangle is equilateral. 
(17.) A given sphere is to be formed into a solid composed 
of two equal cones on opposite sides of a common base, in 
such a manner that its surface may be the least possible : 
find the dimensions of the solid, and compare its sur&ce 
with that of the sphere. 

H 2 
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(18.) Show tliat the gi«atert polygon thai can be iDacribe^ 
in a given circle is a regular poljgm. 

j^ yi ^ 
(19.) In a given eU^ifloidyidioae equation is -r +7^ +-^^ly 

tr %r C^ 

to infldibe the greatest paiallelopipedon. 

l£xy y, zhe the half-edges of the panllelopipedon, 
a h c 8ahe 

v^ vl s/^ 3* 

(20.) To find a point F within a given triangle^ fironi 
which, if lines be drawn to the angular points^ the som of 
their squares shall be a Tnininnim. 

If A, By C he the angles, a, b, c the sides of the triangle ; 

then C7P==i(2a2+2&2_c2)*. 
o 

The point is the centre of gravity of the triangla 

(21.) Divide the quadrant of a circle into three parts, 

such that the sum of the products of the sines of every two 

shall be a Tnaximuni or TninimuTn, and determine which it ia 



CHAPTER Xn. 

TAKGENTSy NOBMAIfi, AND ASYMFTOTES TO CURVES. 

If y=/ {x) be the equation to a curve, 

y'—yzn-j- (ar'— d?) is the equation to a tangent. 
If t«=r^ {xy y)s=c be the equation to the curve, 
-r- (a/— aj)-|- -1- (y'-*y)=0 is the equation to the tangent. 
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The equations to the normal are 

The tangent=y ^l + (^)^ Normal=y A^l + (^)^, 

Subtangent =y — > Subnormal = j^ ~- • 

The portion of the axis of y intercepted between the 
origin and the tangent is y— a5~-=yo' 

The portion of the axis of a; so intercepted is 05—^-7-= a?,,. 

Ex. (1.) Draw a tangent and normal to a given point P 
in the common or conical parabola. 
y^^=^ax is the equation to the curve, 

dx * ** dx y 

Subtangent NT—y-^^'^^%x. 

if 

Hence to draw the tangent, let fall the perpendicular FN^ 
take NT^^AN, and join FT , P^ will be the tangent. 

Subnormal NO=:y -^= 2 a. 

dx 

Hence to draw the normal, take J^G=2ASy and join FG ; 
FG will be the normal . . . 

(2.) Let y»=a"~^a5 be the equation to a curve ; find the 
subnormal and subtangent. 




dx ' dx ny^~^ 

t. 

Subnormal m^y'l^^y^,^^,^^,^^ i 

^ dx n^'*- n^"^ n^~^ nx 
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Subtangent NT=i/—=z-^z=z-^-=znx. 

X 

Kn=2, ^z=zax, J^G=-^9 ff'T=z2x, and the curve is a 

parabola. 

(3.) Let M=as?— 3aa!y+y^=0 be the equation to a curve; 
determine the subtangent. 

dx ^ dx ^ dx ' 

^' 'dx " ' dx y^ — ax 

.:. Subtangent IfT=y^=^=^. 

if if 

(4.) Ify2=4a(a;+a) be the equation to a parabola, the 
origin in the focus ; show that the points of intersection of 
the tangents with perpendiculars from the focus are deter- 

mined by the equations a, = — a, ^i = « ' 

aS' the focus, AS:=^ay SNzzzXy AN':=X'\'a, NP=y, 
y^^z^aix-^ii) ... (1), eq^ to curve, 

y.-y=^(a;,-a;). . (2), eq^ to tan., 

dx "^ ^ « ^ 

y,= --^a5, (3), eq^ to ppdr. from origin, 

1 , . dx dii dy 
•■• l>7 subtraction, y=__a,_^«.+^a^ (4). 

,^. dy 2a dx y ip y^ 

^ ' dx y dy 2a 4a 4a 
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2ay ^'""2 y ^^ ~f 2" 2y ' 

. 1 _ - _ 

• • —8?,— • "— Ij flj, — — ^. 

a 

dx y , \ y 

v.= 0?.= — ^-C— a\=r^. 

^' rfy ' 2a ^ ^ 2 

(5.) The equation £B^y"=ay which includes the common 
hyperbola^ is said to belong to hyperbolas of all orders. Find 
the subtangent at a given point in the curve. 



VfiT?^ 



_j dx any^"^ an dx an 



dy y^^ y**"*"^ dy rnaf^^^'y^'^^ 

:. Subtan. NT=y-r^= . — = .a^= x. 

^ dy maf^"^ y" maf^'^ m 

(6.) Given two points A and B, find the locus of P when 
the angle PBA is double of the angle PAB, and draw an 
asymptote to the curve traced by P, 

A the origin, AB^a, AI^z=zx, NP^y, A:=e, B=2d. 

^^ y . ^ P^ y X « X o . 2tan0 
AN =^=*^^' m =^z:^=tan^=tan2^=.p-^^ 

2.^ 
y ^ 2a;y 

1 — ^ B NO 

.*. y'^^=.ZQ^'-2aXy the equation to the curve. 

2 2 

Whence, if y=0, «=««> ^^^^ taking AO=-^AB, the 

curve will pass through 0, 
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The origin may be changed to by putting a?,=Oi\r, and 
substituting the resulting value of ^ in the equation to the 

curve ; whence y=diaj (3h ) , 

foi 1 „ i 2a 2 \2 / „ . a2(i\» D , ) 

= ±3*a;±-TT r-T — T&c. 

3* 2.34a; aj8 

.*. y=.-±,x*/Z-±,—i=. is the equation to the aaymptote. 

Ifa;=0, y=±:— 7=> ify=0, a;=4:-> 

/. -7-= V 3=tan 60°, and the asymptote cuts the axis of 

(XX 

a; at an Z of 60°, and at a distance = — » from the point 0, 

o 

(7.) If j^=— : be the equation to a curve ; find the 

equation to the as3rmptote. 

.'. 5/= ± (aj+a) is the equation to two asymptotes, and •.• 
if a;=0, ^=a, .*. an asymptote cuts the axis of y at the 
distance a from the origin; and v ify=0, «=— a, .\ an 
asymptote cuts the axis of x at the distance ~a from the 
origin. 

dv 
Again v -^=±l=tan45° or tanl35°, .'. these asymp- 
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totes cut the axes at an angle of 45°, and are consequently 
at right-angles to each other. 

Putting x=za in the equation to the curve, we have 

r=-Q-' ory=— ^=cx), 

.*. there is another asymptote parallel to the axis of y. 

(8.) If y— -2=(ic— 1) -/a;— 2 be the equation to a curve ; 
find the point and angle at which the curve cuts the axis 
of X, and the values of x and y when the tangent is perpen- 
cular to' that axis. 

Ifa;=0, y_2=-.\/^, .-. y=2-\/^. 

Ify=0, (a;-l)y^Il2 = -2, (a?^-2aj+l) (aj-2)=4, 

a?-~iaP+5x—6z=zO, 

a^— 3a2-.iB2_|_3^^2a;— 6=0, 

aP{x—3)—x{x—3)'^2{x—3)=0, :. a;=3. 

c?y , ,. 1 J jr a;— l-f-2aj— 4 3aj— 5 

■/=(«— 1) 7==+ vaj— 2= ; = — 7==. 

Hence, if a; = 3, -^ = tan0 = — ^== = - = 2, and the 

dx 2^/3=2 2 

curve cuts the axis of a? at a distance 3 from the origin, and 
at an angle whose tangent is 2. 

Again, ifa=2, \/aj~2=0, .'.^-2=0, y=2, 

c?y 3aj— 5 6—5 1 , ^ 

-^= — = =—=00 when a;=2. 

die 2VX-2 

Hence the tangent cuts the axis of a; at an angle of 90°, 
or it is perpendicular to that axis when a; =2 and y^=2. 

(9.) If from any point P in an ellipse a straight line be 
drawn to the centre making an angle 6 with the normal, 
and if Z be the inclination of the normal to the axis major ; 

show that tanO=: — « — V« — ttt* 
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Let CA=za, GB^h, CN=x, NP=:y, 

z CPG=e, CGP=l. 

52 ^^ 
y^^—{cfl—a?)'=l^ Y^ eq".to ellipse. 




a" 



NG=^.CN=^ 



a 



2 



by a property of the ellipse. 



,2, 



tan?-.^=^-=— , 



a 



2 



.\ -=-5 tanZ, 



also ^=tanPCi\r=-^tan?, 

0= GPGzziPGF- PGN, 

\j^PGN ^\»aiPGN 



taii6=taD {PGN^PCN)=: 



l+t&aPGI^'t&aPGJ!^ 



j^GGP^tBS^PCN 
l+t&aGGP'iajiPGN' 



tan^ rtan^ 

a-* 



a 



2 



€? tan l— J^tan ? tan I {c? — b^ 

(10.) From the centre G of a circle a radius GP is drawn 
cutting the chord BD in if, MP is drawn at right-angles to 
BD and equal to MB ; determine the locus of P, and draw 
the asymptote& 

Let BDy GO be the co-ordinate axes, 
A the origin, 

GB=:ay GA=:c, AM=x, MP=:y. Then 
MP=MR=:GB-'GM 

=:GB-^VGA^-\-AM^, or 

y=a— V^c^Hm?, the equation required. 
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Ify=0, aj= \/S2^I?= VCF^ - CA:^ 

= -/{CF-^ CA) {OF- CA)= ^AF'AO=z '/JW, 

.'. x^AB or AB. 

If a?=±oo, y=— 00. Hence the curve passes fix>m 
through B and D to infinity. 

To determine the direction of the tangents at these three 

SfU SB 

points; — = tan6=^— ==^==0 if a; = 0, .'. at the 
doc Vc^-^a? 

tangent is parallel to the axis of x, 

-^=fATifl=zp =— — -= , which 

determines the direction of the tangents at D and B, 

Again, putting a?, = 01^=. CO -— (7iV= « — (<?+ y), we have 
y = a — c — a;, ; and putting y , = -^P = x ; and substituting 
these values of x and y in the equation to the curve, the 
origin will be transferred to 0, Thus 

a— c— «,=«— v^c2-fy2, v^<^*+y,^=c+a5„ 

.'. y2=2cd?,+a?2, which is the equation to the rectangular 
hyperbola. 

To find the equation to its asymptotes, 

r(r-l) 
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/. y= ± (d*+<?) is the equation to the two asymptotes; 
and V putting y=0, we have xztl — c, and 
putting a?=0, we have y= ±c ; also 

V -p-=tan6l=±l ; /. the asymptotes cut the axis OF 
dx 

at / s=45° and 315'', at the distance — c from the origin 0. 

Take OT^GA, and draw the lines TS, TS, at /s=4:5° 
and 315** respectively, these will be the asymptotes. 

(11.) The normal to the curve whose equation is ^=4^^, 

4 
is a tangent to the curve defined hj y2=— - (x—2af, 

y fx-\-2a\ ^ , ^ , 

•■•^•=~ 2^*'+^ ("iT") • ^* *''=^' ^^^'^ 

a?, = a? 4- 2a = part cut off from axis of a?. 

^'=2^^''"^*^' 21ogy=log^+31og(x-2a), 

- rfy 1 - 1 <f X 2 , 

dx y X— 2a "^ rfy 3 ^ ^' 

dx 2 , - . x+4:a ^^ 

/. X — y — =:x — -(x — 2a) = — 5 — = part cut off from 

axis of ^. 

Hence, that the normal and tangent may cut the axis of 

X at the same point, we must have the equation 

x+4:a _ « «. 

— - — =a?4-2a, .'. x=3^+2a. 

But, the angles they make with the axis of x ought to be 
the same, and since 

^=il, and ^4.-^. 

oy 2a dx. 2 X— 2a 
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.y^3 y 
2a 2\'-'2a 



y2_J^_ 9y2 _4 



.'. 3^=:x— 2a, x=3^+2a, the same as before. 

Hence, the normal and tangent, cutting the axis of a? in 
the same point and at the same angle, must be coincident. 

(12.) In the curve defined by ^^zaa^-^-a^ prove that the 
portion of the axis of y intercepted between the origin and 

the tangent =|. {-£-)*. 



3^1=2«.+3^, ^= ,.,, 



dy 
dx 



dy ^ax-^-Zoc^ 
dx" 3y^ 



dy 2aa^ + 3x^ 3y^^2a.r^'^Sa:^ 
AD=y,=y-x^=y --^ = — 



dx ^ 3y 

__3(y^—x^'-'2ax^^aa^^a aP 

a x^ a 3D^ a ( X \i 

3 {{a-\-x)x^)i 3 (a+^)*^* 3 ^a+^' 

(13.) If yt=at— -a:» ; draw a tangent to the curve, and 
show that the part of the tangent intercepted between the 

axes = a, and that perpendicular on tangent = Vaxy, 

2 _x dy 2 r dy y^ 

3 dx 3 dx x^ 




dx 
X ^= — ;i;*y»= ^yi {a!i—yi)=y'-aiy^' 

:. AD=zy-.x-f-=zaiy^* 

CLX 

AT^y- x:s:y[ -) ^xz^ — x^yi^x 

dy \ yv 

= — a^ (y#+irf)= —aria*. 



— X 
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•♦ 

Now Z>5^=^2>2+iiT2=a*yf +a*a?*=a*(y»+a?f) 

.*. DT=za=: part of tan. intercepted between the axes. 
^ , FB AD __ ^i>2 aM i « 

.'. AF=za^x^y^=i length of perpendicular on tangent. 

(14.) Suppose a rigid rod BF slides along the line Aa in 
such a manner that its extremity F shall — ^ 
be constantly in a given curve whose equa- 
tion is y^f{x), and let BQ be an rfi^ part -^ » ; m b « 
of BF'y determine the equation to the locus 
of©. 

Let J5P=a, AF=Xy NFz=iy, AM=:x,y MQ=.y,. Then 

MQ : NF :: BQ : BF, or y. : y :: - : a, 

n 

But AN=AM-^I^Mz=AM^{]!^B^MB)=a;,-^{nMB-^MB) 
=^_(n_l) Jf^=^-(n~l) A^^Iy?^ 

.'. y ,=-•/•! ;p, wa?—rfiy? \ , the equation required. 

(15.) Determine the subtangent to the curve of which the 
normal = 2 a^* (abscissa)^. 

Let 0? be its abscissa^ y its ordinate. Then 

*: "Norm&L FG=^y -^9 .\ y-^^2a^a^, an equation 

evidently derivable by differentiation fix)m ---=— ^j 
.*. y:=z(i3fi is the equation to the curve. 
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T^ dy 2a^a^ 2a^a^ „ dx 1 

da y ax^ dy 2ax 

* ^dy 2ax 2' 

The equation to the curve may be put into the form 

^=-y, therefore the curve is a parabola^ whose parameter 

is —9 and whose line of abscissse is perpendicular to the hori- 

zontal axis. 

(16.) The equation to the catenary is 2y=c\e^-\-e *^) ; 
find the length of the normal 

l=l('-(i)--'(-S}4(-->. 

fix Sx fix __8x 

Z^^ i ' ^+5P=^+— T — ' 

V——~~— / ** _lx X _x 
1 ,^y^ \/ e^+2+6 ^ ^+e ^ y 
^"^5^= ^ 2 =~T-=7 

.-. normal PQ^y /y/l +^=y.|=-y3. 

(17.) If y»— (a4-2'^)3/""^+(c+e^+/^y*"^— &c.=0 be 
the equation to a curve of n dimensions, prove that, if each 
ordinate be divided by the corresponding subtangent, the 
sxmi of the quotients will be a constant quantity. 

Let rj, rj, r,, .... r^ be the values of y which satisfy 
the given equation, and 

«i, «a, «3, . . . . «n *^6 subtangents corresponding to these 
values of y \ then, by the theory of equations, 

I 2 
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' dx dx dx' ' ' ' dx ' 
and, taking the differential expression for the subtangents, 
¥^dx r^dx rjtx 

8^ dx 8^ dx ' ' ' 8^ dx 
Hence ti+l'+Ii . . . +l!i=6. 

*1 ^ *3 *« 

(18.) If y*— a?*-f 2J;r^=0 be the equation to a curve; 

find the equation to the asymptote. 

Assume y=a?j2r, then a?*^— aj*+26aj*;8?=0, 

^hz 2bz^ 
x=Z' -> y=- -> which both become infinite 

when z^z=: 1 or z= 1 . 

^ dx ^ 2y^'\'baP ^ 2y^^bx^ 

_ 2(^^x^) + Zbxh/ _ -UaPy+dhx^y _ hx^y 
- 2y»+6;c2 2y3+^a2 - 2y8+^' 

bxz 
= — ft— 3— T> which, when 4r=l, and consequently 

47=00, becomes ^2)= — r^ 7= 7=— «• 

2a?+6 ^ i 2 
^H — 

_. 6 h 

Hence y=a?— ^j y= —a?— - are the equations to 

two asymptotes. 
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(19.) Investigate an expression for the subtangent : and 
in the parabola of the n^ order, whose equation is y=:a3E^y 
find the subtangent and subnormal 

1 
Subtangent =- ^, subnormal=«a^a^"'^. 

(20.) The equation to the ellipse being y2==__ (2aaj— a;^) ; 



a2 



find the subtangent and subnormal 



2ax x^ h^ 

Subtangent = > subnormal=-5 (at— ^). 

(21.) Prove that -~ equals the tangent of the angle at 

dec 

which a curve, referred to rectangular co-ordinates, is inclined 

to the axis. 

(22.) ^z=za^~~a^ being the equation to the circle, the 
origin at the centre, show that the curve cuts the axis of x 
at an angle of 90®. 

(23.) y2— 2flw?— a^being the equation to the circle, the 
origin in the circumference, find the subtangent and normal. 

Subtangent= > normal=a. 

a— a? 

(24.) If an ordinate NP in an ellipse be produced until it 
meets the tangent, drawn from the extremity of the latus 
rectum, in ^; prove that the distance of P from the focus 
is equal to the distance of T frx)m the axis of abscissae. 

(25.) In the ellipse, if it be assumed that or = a cos ^; 
prove that the equation to the tangent will be 

5;r cos < + ay sin £= a&. 

(26.) Find the locus of the intersection of pairs of tangents 
to an ellipse, the tangents always intersecting each other at 
right angles. «2^y2--^2^^2 
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(27.) y^=j5 being the equation to the dssoid of 

iHocles, find the equation to the tangent, and show that 
there is an asymptote which cuts the diameter at its extre- 
mity at light-angles. 

Equation to tan. y,= ] -jtl ^ \ • { (3 a— a?) ^r, —ax\ • 

(28.) Prove that half the minor axis of an ellipse is a mean 
proportional between the normal and the perpendicular from 
the centre upon the tangent. 

(29.) In the logarithmic curve, whose equation is y=a', 
show that the subtangent is equal to the modulus of the 
system whose base is a. 

(30.) Prove that the curve whose subnormal is constant 
is a parabola. 

(31.) In the hyperbola, whose equation is y^ -_ «_ {^q^ ^ ^^ 

show that y=d:-(^+a) is the equation to two asymptotes 

passing through the centre and equally inclined to the axis 
of a?. 

(32.) Draw the rectilinear asymptotes of the curve defined 
hj i/^-\-a^y=za^a^, and .determine the form of the curve at 
the origin. 

(33.) Let a?—i^-\-aaP=0 be the equation to a curve; 

a 
show that the equation to the asymptote is y=a-\-^' 

(34.) If a}^'=ho?—c^xy be the equation to a curve ; show 
that y= (-] • ix j-^) is the equation to the asymptote. 

(35.) In the common parabola, whose equation is y^=:4a;r, 
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find that point at which the angle, made by a straight line 
from the vertex with the curve, is a maximum. _ 

(36.) A rectangular hyperbola, and a circle whose radius 

is 2 a, have the same centre ; find the angle of intersection 

of the two curves. -v^l5 

Angle =tan"^ . • 

(37.) Find that point in an ellipse at ^hich the angle 
contained between the normal and the line drawn to the 
centre is a maximum. 

(38.) Determine the angle at which the curve, called the 
lemniscata of Bemouilli, whose equation is (y^+a^^ 
^=2a^{a^—y% cuts the axis of a?. 

(39.) If -4 be the vertex, F and Q corresponding points in 
the cycloid and its generating circle, prove that the tangent 
at P is parallel to the chord AQ, 

(40.) The centre of an ellipse is the vertex of a parabola, 
the axis of the parabola intersects the axis of the ellipse at 
an angle of 90% and the curves also intersect each other at 
right angles ; show that major axis : minor axis :: v2 : 1. 

(41.) If y2=ma?+wd;2, show that an asymptote cuts the 

axes at points indicated by d?= and y= — r« 

2n 2w* 

(42.) Show that the locus of the intersection of tangents 
to the rectangular hyperbola and perpendiculars upon them 
from the centre is the lemniscata. 

(43.) Draw the asymptotes of the curve y^=7 rg' and 

determine the distance of its minimum ordinate from the 
origin. 

(44.) Find that tangent to a given cvCrve which cuts off 
from the co-ordinate axes the greatest area. 
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(45.) Draw a tangent to the curve, whose equation is 



w-l 



yz^ax^ , and show that the tangent always cuts from the 
axis of y a portion equal to an nfi^ part of the ordinate at the 
point of contact. 

(46.) If y»+a;»— 3;r2=0, show that y=— a?-|-l is the 
equation to the asymptote, and that the maximum ordinate 
is at the point indicated by j?=2. 

(47.) If (7 be the centre of an ellipse, and NP any ordinate, 
and if in NP a point Q be so taken that its distance from C 
Ediall be equal to NP ; show that the locus of Q is an ellipse 
whose major axis is the minor axis of the given ellipse. 

(48.) Draw a tangent to the curve whose equation is 

y=-^ — -V and determine whether the curve has an asymp- 

tote. 

(49.) ABD is a semicircle, centre C and diameter AD ; 
EF is a chord parallel to AD, GQR a radius cutting EF in 
Q ; QR is bisected in P, Find the locus of P. 

(50.) Show that the curve, whose equation is sfi-^-ahy 
-a^=0, has a wotilmear «»symptote at the diiitanoe * from 
the origin, and also a parabolic asfymptote, whose equation 

is ay— J b^=: (a— ^ bj , the latus rectum of the parabola 

being a, and its axis parallel to the axis of y. 

(51.) BAG is a triangle, right-angled at ^ ; a straight rod 
moves through the ^ed point C, while one end slides down 
the line £A : show that the curve described by the other 
end is a conchoid whose equation is a?2y*=(d;— i)*(a*— a?^, 
and determine its subtangent. 
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CHAPTER XIII. 



POLAR CO-ORDINATES. SPIRALS. 



Ifr=/(6), or/?=/(r), aiidw=-j then 

T 

, Tangent of angle {(f) contained by radius vector (r) and a 

tangent to the curve, is tan SFT^zr-r- = — w -r- • • 

dr du 



Perpendicular on tangent, 



SY=:pz=- 



r2 



^/r^+ 



dr^ 
d^ 




de_ p 



dr rVr^'-p^ 



Subtongent ST=r^ ^ . 

dr 

1 . rf«» 

dA ^ 

If^=area^iVrP, ^=k^- 

' de 2 

Ex. (1.) Find the polar equation to the common parabola. 

SF=r, Z ASF=e. 

r=i)i\r=2^;S'+/S'iVr=2a+rcosP;S7V=2a-rcos6. 

2a a 



.•.r+rcos0=2a, 



.•.r= 



l-foos6 „d 

C0S2- 



(2.) The equation to the spiral of Archimedes is r=za6 ; 
find the angle between the radius vector and tangent, and 
the subtangent. 



dr 
do 



=a, 



dd 1 

.-. /SPr=tan--ir— =tan~ir-=tan-ia. 

dr a 

Subtangent ST=zr^—— — 

dr a 



1 
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(3.) If rsza (1 -f cosO), find the equation between p and r. 

1 1 du asind 

u a + acosd a6 (a + acosOy 

/(ft*\g ggain^O _ a2(l-co8ga) 

^ 1 o o^ 1 2a « 
But acoB6= a, a''coff'd=-3 1-« , 



2a 1 ^1 
5> a+a cos6=- 

2a 1 



/. a2_flj2cos3o= -, a+a cos9=-* 

I* 



(4.) The tangents at the vertex and extremity of the 
latus rectum of a conic section intersect; prove that the 
distance of the point of intersection from the vertex is equal 
to the distance of the focus from the vertex. 

Let A be the vertex, S the focus, and T the point of in- 
tersection. 

The equation y =- v 2 aa?iF a^ will, by using 

a % 




the negative sign, comprehend all the conic —5) 
sections excepting the hyperbola; and, by using 
the positive sign, it is the equation to that 
curve. 

Alsoj^,— y=y-(dr,— J?) is the equation to the tangent. 

Differentiating, the assumed equation, — =-« » 

da a w^ax'^a? 
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and sabstituting the values of y and -~- in the equation to 

duo 

the tangent; we have 

a a v2ax':^a? 

But at the origin 4?,=0, and a=^AS^m suppose. Then 
^ /7i o ^^ a'^m 



a a v2am^m^ 

Now a2_52_|. (a:pm)2, by a property of the curve, 

(5.) In the ellipse, if /? be the perpendicular from the 
centre on the tangent, and r be the distance of the point in 

the curve from the centre, prove that jp^= 2 ■ / jS — Za' 
Ver^GP^r, /.PCN=ze, then a?=rcos^, y=rsin6; 
-r+Y5=l, equation to the ellipse. 

•'•""^2-+ 52 -^\ «2 + 52 j-A- 
. ^_ «^^^ «^^^ 



^2cos2 e + a2sin20'"a2 (1 -^ cos^e + a2giji2 ^ 

where 1— «2=— -. 
^2^,2 52 

;. ^2= 



a2 •— ah^Go^d 1 — e^co&^B 
:. w2=^.(i_e2cos2d), 2u^=-l{-2^cos0(-sin6)} • 

— = — {e2cos6 Bind} • -=— — 7=z==« 
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^ '^Kdel " h^ ^ b^l-e^QOB^e) 

_ 1 — 2e^co8^g+e^cos^0-f e^os^0— g^cos^g 

But l=l:ii'^, /. 62CO820=1- ^, ^COs2a=(j2_ *!f! 

_ gg ray a2J _ a^"^ r^ I "'"«2/ 

7^ 7-2 



«^ 



--+«^(i+5) 



.•.Jd2= 



a%'^ 



(6.) In the ellipse, if A, he the origin, the equation is 

y^=-j{2ax-a^: let /S' be the pole, zA,SF=d, and 

SF=^r} show that the eqilation referred to polar co-ordi- 

a(l-^) 



nates is r= 



1 + 6 cos6 



(7.) The equation to a curve being y=(iF*»-f-aa:*""^)"* j 
determine the polar equation, and show that an asymptote 
cuts the axis of abscissae at an angle of 45^, and at a dis- 



a 



tance = from the origin of co-ordinates. 



m 



(8.) In the hyperbola, if aS^ be the pole, the polar equa- 
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tion will be r= :j-^ ~ i if the centre be the pole, the 

1 + ^ cosO 

polar equation will be r= 

V e^cos^O — 1 

(9.) Show that the polar equation to the lemniscata of 
Bemonilli is r2=2 a^cos 2 d, and that p=^-±i 



2a^ 
(10.) Show that the polar equation to the conchoid of 

Nicomedes is r=aH -> the equation between rectangular 

cos6 ^ ® 

po-ordinates being o?y'^-=^ {a + xf {h^—a^ . 

(11.) Show that the equation r = -—— represents two 

polar curves, one having an exterior and the other an interior 
asymptotic circle, and exhibit the general form of the two 
spirals. 

(12.) The polar equation to the cissoid of Diodes is 
r=2atan0sin0. Prove this, 

(13.) The equation to the lituus is t^=— ; show that the 



subtangent =.2 a yd, 

(14.) In the cardioid r=za (1 — oos0), and if r, be a radius 
in the direction of r produced backwards, r,=:a (1-f cos 0) : 
show that 2<j>=z0, 

(15.) If the polar equation to a hyperbola, referred to its 

a(e2— 1) 

focus, be r= ~ ^ i show that there are two asymptotes 

^ l-hecos0 -^ ^ 

intersecting the axis of or at a distance ae from the origin, at 
angles whose tangents areH — and respectively. 

(16.) If 0=— -7= be the equation to a spiral; show 

v2ar— r^ 
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that a circle whose radius is 2 a is an asymptote to the 

spiral 

a" 
(17.) If 0= — » and «a"=ft*j show that the equation 

between the radius vector and perpendicular on tangent is 



CHAPTER XIV. 

SIKOULAB POINTS. TRACING OP CURVES. 

A curve is convex or concave to the axis according as 
y and -r-s have the scutm or opposite signs. 

To determine whether there be a point of contrary flexure, 
we put ;r5=0 or oo ; and if a be one of the values of ^ so 

found, we substitute successively a+h and a—h for a in 

d^y , d^y 

—^ > then if -7-^ have opposite signs, there will be a point of 

contrary flexure denoted by ir=a. 

At a point of contrary flexure in polar curves ;/-=0. 



If any values of x and y make -r-=7r» this circumstance 
^ ^ da; 



da; 0' 
generally indicates a multiple point. 

For a point of oscuktion (^) _ (^) ( -^) =0. 

(d til \ td u\ id u\ 
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dv 
At a cusp; if ^=a, -j- has but one value ; and, substitutiiig 

dhi 
successively a 4-^ and a —A for a?, -r-^ has two values. 

For the ceratoid or cusp of the first species, the values of 
3-5 have o^ppoBfde signs. 

For the ramphoid or cusp of the second species, the values 

of g have the «^ sign. 
dx^ 

Ex. (1.) If the equation to a curve be y='—vai^-\-ca^', 

show that the origin is a point of osculation, ascertain if 
there be any maximum ordinate, and determine the general 
form of the curve. 

It is obvious that, by giving x successive positive values 
from to 00 , y will have successive positive and negative 
values from to 00, consequently there are two similar 
branches extending from the origin to infinity, one branch 
on each side of the axis of x to the right of the axis of y. 

__ dy 1 ^a^-^AiCcfi x 5x-\'^c _ , 

Now -^ = - . — ■ rr — . =0 when ir=0, 

dx a 2va^'^ca^ 2a var-fc 

dy ^ \^ 

and V when ir=0, y also =0, and -j- has ' 

dx 




two values, one positive and the other ne- 
gative, each =0, therefore the axis of ;r is 
a common tangent to the two infinite branches at the origin; 
hence the origin is a point of osculation. 

Again v y = — v a? + c ; when a? = — tf, y = 0, and while 

X takes successive negative values from to —c, y will take 
successive positive and negative values from to again, 

K 2 
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and therefore to the left of the axis of y there is a loop or 
nodus. 

And V — = — » r =0, /.dir-f 4c=0, andj?= c 

dx 2a wx-\'C 5 

determines the position of the maximnTTi double ordinate ; 

dy 
and V -7-= tan 0=00 when a:=—c, the tangent at this point 

CUV 

intersects the axis of a at right-angles. 

Take A£z=c, and draw the tangent TBt\.AB, take 

AN=: — Cf and draw the double ordinate FNp^ — 1~\ y 

4 
which is the value of 2y corresponding to a?= — -rc; the 



Vx 



loop will pass through A, F, B, p, 

(2.) Trace the curve, whose equation isy=-^(adbir) ; 

and show that there is an oval between 07=0 and x=-a ; de- 
termine the position of the maxinium double ordinate^ and 
exhibit the form of the exterior branch. 

Firstly, y=— ^(a— ar)= va v^ -^» 

va va 



Let a?=0, .*. y=0, 
x< a, y is ±, 
a?=a, 5^=0, 
x>a, 5^ is impossible. 
Patting —0? for d?, y is impossible. , 



Take ilj5=a. ij 
Then, •/ while 
>• X increases 




from to a, y has positive 
and negative values from 
to again, .'. there is 

a Tna-YTTmiTn ordinate somewhere between A and B, and AB 

is the axis of an ovaL 



3 ^ 

^^ Jy /- 1 2* v^ 3 

Tmow — = V a • — 7= ;== — 7= — -—7= 

^ 2vi Va 2v^ 2Va 



v^=0, 
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.'. --^= — -=-> 3d?=a, .*. 4?=- denotes the point where 

V d? va 3 

the maximum double ordinate cuts the axis of x. 
Secondly, j(f = —^ (a + x\ 



Let iP=0, /. y=0, 
d?< o, y is ±, 

x>a^ y is ±, 
a?=oo, y=QO, 
Putting —X for a?, y is impossible. ^ 



Draw^P=2a. Then, 
*.* while ^ increases from 
to infinity, y has posi- 
tive and negative values 
from to infinity ; there 
is a branch above and 
below the axis of x exte- 
rior to the oval. 

No curve exists to the left of the origin. 

(3.) y^{a^+x^^=a?{a^'-a?) is the equation to a curve; 
trace it, determine the angles at which it cuts the axis of Xy 
and find its maximum ordinate. 

If ir=0, then y=0 Put —x for x, then 

x<aj y is possible ± if ip=0, y=0 

ir=a, y=0 a? < a, y is possible ip 

x>a, y is impossible. af=a, y=0 

x>a, y is impossible. 

Take AB=za, Ab= —a, in the axis of x, and the curve 
will pass through the points A, £, b. 

And V when x>ay y is impossible, the curve cannot 
extend beyond By b. 
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dy — aV— ar^— aV-h^+o^^— ir* 



^ dx 







" dx^x (a^-^aP)^' (a^+x^^ "(a^-^a^i {a^-x^)^' 
and putting ^ = and did in this expression, we have 



_^__ 



tan6 = -^ = 



a^ 



a 



= = ± 1 = tan 45'' or tan 135°. 



dx (a2)t(a2)* a^.a 

= r — = 00 =tan 90° 

(2a2)*(0) 

.*. the two tangents at the point A are inclined to the 
axis of or at Z s=45° and 135° respectively, and the tangents 
at B and b are ± to the axis of x : .*. the point ^ is a 
doable point. 

dy^ a^—2a^x^—a^ 



i^-^-a? 



=0, 



:, a^-2aV-a?*=0, 



a max. 



dx (a2-.a?2)*(a2H-^* 

Hence the greatest ordinate cuts the axis of x at points 

denoted by d? = av a/2— -1 and — av v^— 1, and the 
length of this ordinate may be ascertained by substituting 
these values of a? in the equation to the curve. Thus 

=a\/v^-l.'s/'/2-l=a(-/2-l) 
:=J/!P, MP,, mpf fnp,. 



TRACING OF CUKVES. 105 



€?X 



(4\) If y=-2 — -3» show that there are points of contrary 

flexure when d?=:0 and av3, that the curve cuts the axis 
of ;r at an angle of 45°, that the axis of x is an asymptote to 
the two infinite branches, and that there are maximum or- 
dinates when ir= +a and — a. 

Let ir=0, .*. y=0 Put —a? for or, then ^=-5 — -^^ 

a?<a, y is -f Let ir=0, /. y=0 
;i?=a, y=- x<a, y is — 

a?>a, yis-f ^=a, ^=""2 

ir=oo, y=0. a?>a, y is — 

05=00, y = 0. 

Take AEzs^a, Ab^—a, and draw 

the ordinates ^$, bqi equal to Trand — - 

respectively, the curve will pass 
through the points A, Q, q^, its right- 
hand branch being above the axis of x, and its left-hand 
branch below it, the two branches meeting that axis again 
only at an infinite distance from the origin A . .'. the axis 
of 0? is an asymptote to the two infinite branches. 

^ dy__ {a^+a^a^-a^X'2x _ a^{a^-aP) 
dx^ {a^+a?f " (a2+^)2 ' 

Substituting a \/3 — A, a \/3 -f A respectively for x, we have 




^ , which is poaUwe. 
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iV_ 2a2(a^/3--A) {(g^/S-hySa^} 

" {oH(av/3-A)2}^ 

which is negative, since h< a v3 ; 
</2y_ 2agA(ay34-A) (2a\/3+A) 

Hence ir=o a/3 indicates a point of contrary flexure ; and, 
substituting this value of a; in the given equation, we have 

y=— J — • Take AN=aV^, and draw NP=. — j—> when 
4 4 

P will be a point of contrary flexura 

Also substituting 0— A, 0+ii respectively for a?, 

one positive, the other Ti^fo^ire. .'• the oiigin A is also a 
point of contrary flexure. 

Hence also, y being positive and -7^ to the left of NF 

negative, the curve from ^ to P is concave to the axis of x, 
and consequently beyond P it is convex. 

Again *.* as a increases y at first increases and afterwards 
decreases, having various finite values between its primary 
value and its ultimate value 0, there will be a maximum 
ordinate somewhere on each side of the ori^. 

But when a?=±«, y=±^« Draw BQ=:-9 it will be a 
maximum ordinate. 
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By gubstituting for a? in -y- we have 

CUB 



(^ 



taii0=— j=l=:taii45**. .*. th6 curve cuts the axis of ;r at 
or 

the origin ^ at an Z of 45^. 

-^ — -^ ; show that the branches of the 

curve pass through the origin, and are contained between 
two asymptotes perpendicular to the axis of x. 
Let ir=0, .'. y=0 Put — x for a?, then 

x<ay y is possible ± if a?=0, y=0 

ir=a, y=oo a?<a, yis^i 

a?>a, y is impossible. ir=a, y= — oo 

a? >a, y is impossible. 

Take ABz=a, Ab=:—a; then, since at the 
origin A the ordinate is 0, and then as ^ in- 
creases the ordinates increase until a?=a, when ^ 
an infinite ordinate passes through £; and, 
since the values of y are both positive and ne- 
gative, a branch extends on each side of the axis of x. 

Also, since when x is negative, the ordinates take values 
exactly corresponding to those when x is positive, the curve 
has similar branches to the left of the origin. 

Again -^= : and, puttmg d?=0 and 

dx {a^—aP)^{a^+a^^ 

dt/ 
±A in this expression, we have tan6=y-=dil and oo . 

.-. tan e = 1 = tan 45°, tan 6= — 1 =tan 135°, tan = oo 
=tan90^ 

Hence a tangent to the curve cuts the axis of or in the 
origin A fit an angle of 45% another through the same point 
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at an angle of 135^ : and at J? a tangent to the curve is J. 
the axis of Xy and is coincident with the infinite ordinate. 
This tangent is consequently an asymptote, the branches of 
the curve do not extend beyond it, and they are convex to 
the axis of x, 

(6.) If (y— 6)^=(ir— a)*; show that there is a ceratoid 
cusp when ^=a, and that the tangent at that point is pa- 
rallel to the axis of cc. 

If d?=a, y=6. Take AB=za, BP^h, then P is the point. 

Nowy-6=±(;r-a)*, .-. ^= ±|(a:-a)f =0 

ax 2 ^ ^ 

when 07= a j .*. tan 0=0, and the tangent to the curve at 

the point denoted by or = a is || to the axis of x. 

Again -— ^=±-7-(^— «)'=0 when iP=a; 

and, putting a-\-h, a—h successively for x, 

d^y 15 /- 

-t-5=±-7-vA., which has two values, one +, another — . 

dor 4 

and since if a?=a, -y-^^f T^^^ i *"^^ ^ x=a^h, they are 

dx dx^ 

both impossible /. the curve cannot extend 9 

d^y 
to the left of jP : also v if ir=a+^, -j-^ has 

two values, one positive and the other negative, .\ at the 
point P there is a cusp of the first species. 

(7.) Show that the curve, whose equation is r= g^.. > has 

3« 
a point of inflection when r=-^> and rectilinear and circular 

asymptotes. 
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rff^-r^aS^, {r''a)e^^r, .-.0= a /—L- . 

V r — a 



r—a-^r 




dd^ {r^ay ^ a ^^^ dd^ p 

^^ 2 xf ^ 2r*(r-a)5* dr r(r2-/?2)V 

p a p^ a^r 

1 4 (r — a)* + a V ari 

^ i /TT \Fr-2- -' 12(r--a)2-M2 

— ar'v4 (r— a)^+aV--ara« — 7======= 

^jp 2 2\/4(r~a)H<^V _Q 

6?r 4(r— a)3+aV , 

.-. 3 {4(r-a)3+«V}-12r(r-a)2-aV=0, 
o 13a , 3a 

3 
Hence there is a point of contrary flexure, when r=- a. 

1 02_1 

Again — = — -5- • Let r become inflnitely great, then 

i=— =0, /. 62^1=0, 0=±1. 

. r cx> 

dQ_ a *^^^— ^^* — — ^/ ^ \* . 

^"■"2r*(r-a)*' ^ 2(i3^ ^2\P^/ ' 

and, when r becomes inflnitely great. 



r 1 


1 


- ^ -1 


r 




a~l-0~ ' 




oo 




<#n 


.iO a 



/. Subtangent ST=r^ —^zz^-^ : 
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and, since ST remains finite while SP is infinite, a tangent 
may be drawn which will touch the curve at a point infi- 
nitely distant from the origin ; this tangent is therefore a 
rectilinear asymptote : and *.* and ST have each two 
values, .*. there are two rectilinear asymptotes. 

Agam, let r=a, .'. -=-^^' ^=~F~=^" "6^' 

;. •7o-=0, .*. 6=00 when rz=.a. 



V r—a 



Also 0= A/ > which is impossible when r<a* 

V r — a 

Hence v r=a makes Q infinite, and r<a makes Q im- 
poasible, there is an asymptotic ©. radius =a, within the 
curve. 

In the logarithmic' and many other spirals the curve makes 
an infinite number of revolutions about the pole before 
reaching it ; hence the pole may, in such instances, be con- 
sidered as an indefinitely small asymptotic circle, that is, an 
asymptotic circle whose radius =0. 

The equation to the logarithmic spiral is r=a', or r=a«*"', 

or r=c6^; r increasing in a geometric ratio, while B increases 
in an arithmetic ratio ; the radii including equal angles are 
proportional. Its evolute and involute are similar to the 
origioal spiral 

(8.) Trace the curve whose equation is r^^a (2 cos6±:l). 
Let 6=0, .•.r=a(2-hl)=3a, 

6=30°, r:=a ( \/3 -h l),whichis< 3a, 
6=60, r=a(l-hl)=2a, 
6=90, r=a(0 + l)=a. 
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Let 0=120, .-.0080=— cos60=— -> r=a(— 1-|-1)=0, 



\/3 
2" 



e=150, cosO=— cos30= — -^> r=a(— a/3 + 1), 

which is < a, 

0=180, cos0= — 1, r=a (—2 + 1)=— a, 

\/3 f- 

0=210, cos0=-cos3O= — ^2"' y'=«(- v^+l), 

which is < — a, 



0=240, cos6= — cos60= — ^> 

2 

0=270, cos0=O, 
0=300, co80=cos6O, 

0=330, cos0=co83O, 



r=0. 



r=a(0 + l)=a, 
r=a{l + l)=2a, 

r=a (>/3 + l), 

which is > 2 a, 

0=360, cos0=l, r=o(2 + l)=3a. 

Divide the ©•* of a © into 12 equal parts, and draw 
radii through the points of division. Take AB=i3a, AF, 

Ap each =o(\/3 + l), AG, AK each =2a, AB, AH each 
=a. 

Take^^', ^G^'e9X5h=a(-\/3 + l),and^J^'=-a. These 
three, being negative values of r, must be measured in an 
exactly opposite direction, as AE, AF, AG, 

The curve, which is the trisectrix, will pass through the 
points B, F, Gy B, A, H,K,py and the interior oval will pass 
through A, E, F, G. 

Taking r=a (2 cos 0—1), a precisely similar curve is pro- 
duced, but turned the contrary way. * 

Taking — «0 for 0, the same curve is produced, 
V 2cos(— 0)=2cos0. 
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(9.) Show that the curve, whose equation is {f/^-\-a?^ 
•=.^c?Q?t^y has a quadruple point at the origin, and that 
there are four loops or ovals; namely, one in each 
quadrant. 

Let the equation be transformed into one under polar co- 
ordinates, putting d?=r cos 0, 5f=:rsin0. 

(r%in2d+r2co82d)S=4a?r2sin29r2cos2d, r«=4a?r^ain2(9cos2d, 

r2=4a2sin26cos2d, r=2asin0cos9. .*. r=:a sin 20 

1st quad. If 6=0, r=0. By put- 

0=15- r=asin30=l *^« ""/ 

2 forOthe 

« «/v . ^/v v^ curve is 

0=r3O, r=a sin 60=-5- a, ^ , 

2 reproduced. 

6=45, r=a sin90=a, Take the several 

J% values of r at the 

0=60, r=asinl20=-Tr-a, ,. 

2 corresponding 

^^ . , a angles. 

6=75, r=a sinl50=K> ^ xi_ 

2 In the second 

6=90, r=a sin 180=0, and fourth quad- 

2ndq,u«L e=105,r=asm210=-f. "^\^"''^"^ 

2 of r, bemg nega- 

SrdqtuwL 0=195, r=«8in390=|, *^^*' ^"^ ^ 

'^ measured in op- 

4th quad. 6=285, r=a sm670= - 5. P*^** ^^^«^«°«- 

-« Hence, there 

will be an oval whose axis =a in each quadrant : and the 

origin is a quadruple point. 

(10.) If r=atan6, show that the asymptotic subtangent 
is a, and that the curve is included between iwrtical a£(3anp- 
totes. 
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Let 0=0, :.r=0, Let e=ir+i5, :. 
8=15", r=a, 6=^. 



9=T, r=0. 

Take therefore SB^a at an angle of 46^ with the axis 
of X, the curve will pase &om the origin S through B to 
illfillity. 

And '.' those lines are said to be ]| which coincide only 
at an infinite distance, and -.■ the asymptote will ultimately 
coincide with the curve and consequently with SP when 
both are infinite, .'. the asymptote must be drawn || SF. 

There are dmilar branches in all the four quadrants. . 

„ de_ a^taa'8 _ tan'e _ ^_ x 

rfr~o(H-tan2e)~* sec^fl""'* "''' ^ ^~2' 

,'. iST^r*— =«, the asymptotic siibtangent. 

Take ST=a, and draw TP, \\ SP ; TP, produced is the 
asymptote. Hence, this curve is included between Tertical 
asymptotes. 

(11.) d;=a (1 — cosd), y=a9 are equations to the curve 
called the companion to the cycloid; find the points of 
contrary flexure. 

Let SDQ be the generating circle, centre 0, vertex D, 
radius =a, JDM=x, MP=y, Zl>OQ=e. 
l2 
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Let e=sO, .-.arrrO, y=0, 



«=r 



d?=a, y=2«, 



6=^+0, /. ooB0=— sina. 



*=« (l+sma),! j^^ 



increase 
increases. 




Let a=^> 6=T, .•.cob6=— 1, — cob6=1, 

ir=a(l + l)=2a, yzrzira. 

Putting —0 for 0, a Edmilar curve is produced on the 
other side of the axis of x. 



Now -^= 



f^— , 



a 






dx (2flw?— a?^^ 

^(2aa?~a^* 



— ^^ ^=0, ifd?=a. 



2air— ir^ 

Substituting a+^, a— A respectlTely for ^ in this expres- 
sion, we have 



— aA 



(f2y — a{a— (a— A)} 

5^" {2a (a-A)-(a-A)2}*'~(a2-A2)4 



y which is negative; 



•*• there is a point of contrary flexure when x^=-a, y^z-^a, 

DO=za. Take OE^-^a, Or= — -a, each = arc J9», 

£A:r:ira:=:3Tc JDQB ; the curve will pass through D, B, A, 
and B, r will be the points of contrary flexure. 
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(12.) Show that the curve y^-f 2oa!Jy2— aa^=0 has a triple 
point at the origm, and determine the position of the 
tangents. 

^^p + 2a{x'2yp'\'y^—ScbaP=:0, where jp=^; 

.*. there may be a multiple point. 
Differentiating numerator and denominator, 

ea^^iayp if^=Oandy=0. 

^ I2y2p+4:aap+iay " a^ v/ «ui y v. 

Differentiating as before, 

^ 24yjt>2-f 12y2^ + 4air$'+4ap+4ap otr^ ^' 

«= — - — i—rr — -— 1- if a?=0 andy=0. 

-^ cap 4p 



a/2 



3aar2-2ay2 2ay2 

.*. the origin is a triple point; and v tan0=— =-f 



and = -;= and also =qo , .*. the tangents cut the axis 

at Zs=taa-i(-L)a«dtan-»(--L), and at right^gles. 

* These repeated differentiations are sometimes tedious : they may, 
however, in such cases as this, he simplified by considering p constant, 
as no error will arise from that assumption. Thus, instead of this 
equation, we should have had, by considering p in the previous one 

constant, p^-rr — 9 — > . — > whence 0= ±—7: as above. 

' -^ 2iypl*+ 4ap + ^ap ^ y/2 
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(13.) In the diameter AB oi& circle take a point 0, draw 
a chord AF and an ordinate JP^, and CQ parallel to AF, 
meeting FN" in Q : trace the curve which is the locus of Q. 
AB=za, AC=h, AN^zx, NQ=if^. 

NF=: v/aa? — jT^, equation to ©, 

CN : AN :: NQ : NF, or 

x—h : X :: y : ^cuv—a^, 
.*. xy=^{cc—h) vox — a?, /. y=z(x — h) \J is 

the equation to the curve which is the locus of Q* 

Let y=0, :, x=zh and =a; letiP>a, y is impossible. 
y has finite values positive and negative when x>h and < a. 

Hence the curve will pass through (7, Q, B, and form an 
oval. 

By the question no part of the curve can be to the left of C. 

(14.) A rod FQ passes through a fixed point A ; fijid the 
equation to the curve described by F when Q moves in the 
circiunference of a circle of given radius, and trace the curve. 

P§=ri?= length of rod, diameter 
of O BQ^=.<ij ABz=zb, qp position of »( 
rod when Q has moved along the 
arc©^, AN=x, Nq=y; then Nq^=BN'NQ. Euc. iii. 35. 

y^=:(x^h)'{a+h—x)={x—b) (c—x), if c=a+b, 
= — a?2 -f (ft + c) d? — ^<J. 

Let -4^=r, ^-4=6, .'. y=rsin6, a?=rcos0, 

T^ sin20= — r^ cosf^d +{b+c) r ooaB—bcy 
i^—{b+c)coad-r=—bc, 

:. r=^ {(h-^c) cos0± ^/{b+cycos^d—ibc} • 

And •/ Ap=qp—Aq=:B—r, by giving successive values 
to 6, and taking the corresponding values of r, the curve, 
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which is the locus of P, will be traced. If BD be the posi- 
tion of the rod when Q has described a ^Q, PD=zBQ, 
Hence the curve is an oval, whose axis FD'=.a, 

(15.) The equation to the spiral of Archimedes is r=ad ; 
trace the curve, and show that the origin is a point of con- 
trary flexure. 
Let 6=0, .-. r=0, 

3-1416 



6=45, r-ss^a^ 



6=7r, 



fssa- 



4 

3-1416 



=a(-7854), 



2 =a (1-5708), \ 
r=a(3-1416), V 







r=a(4-7124), 

6=27r, r=a(6-2832), 
6=00, r=oo. 
Take the angles, and draw the corresponding lines for the 
values of r, and the curve may be traced. 

Put —6 for 6, and the values of r, being negative, must 
be measured in a directly contrary direction. 



Now 6=-> 
a 



^-1 
dr a 






P ^l 






p" 



P" 



r* 



P=' 



2r 



, ^_ 2v/^H^ _ 2r(gg-hr»)-r^ 



dr a^-hr^ 

2a^r+f^ 2o2^.r2 



=r' 



(a2+r2)4 (aHr2)4 



=0, when r=0 or 6=0; 
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origin. 

.-. the origin is a point of contrary flexure. 

In the figure, if r commences its revolution above the 
axis of ^ in the first quadrant, the branch of the spiral 
ABODEF will be generated. If negative values be given 
to d, and r be measiired in a directly opposite direction, the 
branch represented by the dotted line will be traced ; and 
we shall have the double spiral. If r commences its revolu- 
tion upwards in the second quadrant, two branches will be 
generated, similar to the others, but turned in a contrary 
direction, and intersecting them in the horizontal and ver- 
tical axes. 

This spiral was invented by Conon : but Archimedes dis- 
covered its principal properties. 

If a fly were to move uniformly from the nave of a wheel 
along one of the spokes whilst the wheel revolved uniformly 
about a fixed axis, the fly would describe this spiral 

Teeth of this form are applied in the construction of 
engines in which uniform motion in a given direction is 
required. 

(16.) Two points start from the opposite extremities of 
the diameter of a circle, and move with uniform velocity in 
the same direction round the circumference, their velocities 
are in the ratio of 2 : 1. Determine the locus of the bisec- 
tion of the chords which join the positions of the two points, 
and find the polar subtangent of the curve. 

Let the diameter AB^=z2ay and A be the 
position of the point which moves with a 
velocity equal to double that of the point 
at j9. Now when this latter point has made 
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half a revolution, the former will have made a complete 
revolution, and consequently the two points will coincide 
at A. Again, the motions continuing, if we take any arc 
AO, and bisect it in D, 6^ will be a position of the point 
which started from A, and D the corresponding position 
of the point which started from JB, Draw the chord CD, 
bisect it in F, and join OF, 00^ OB, 

Let be the pole, OF the radius vector =r, L AOF=^0, 

6 OF r 1 

then -P02>=^> -7rr=r=iooa FOB, or-=cos-(?, the equation 
3 01) a 3 

to the locus of F, 

To find the polar subtangent, 

1 r . l.de I 

cos-6=-> —sm-0« -;-=-> 

3 a o dr a 

dd^ I 1 1 

dr 



asin^O a /^l-^coa^^B a /y/l--^ 

/. r^ — = -===the polar subtangent. 

dr wa^^r^ • 

To trace the curve, r'='a cos ^ 0. 

Put 0=0, then cosO=l, r=a, 

-,« v^-fl v^-fl 

0=45, coslD= =-> r=a 7=^* 

2\/2 2>/2 

0=90, cos30=-5-> r=a-^> 

1 a 

0=135, 00845=—=* r=— 7=> 

->/2 V^ 

1 a 

0=180, cos 60 =2' r=^* 
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T ^n oo« XI. n^ V^-1 \/3-l 

Let 0=225, then cos75= -=-9 r=a =^; 

2^2 2>/2 

cos90=0, r=0, 



0=270, 
0=315, 

0=360, 
0=405, 

0=450, 

0=495, 
0=540, 



cosl05= r=-> r=--a 



2\/2 
cos 120= — ^, 

cos 135= 7=> 

y/2 



2v/2 



'•=-2' 



a 






cosl50= — 



'/S 



r=:—a 



cosl6o= =-> r= — 



2V^ 



\/2 

2" 

^/3 + l 

2\/2 



cosl80= — 1, 



r=— a. 



0,^6V 



The negative values of r, which are 
measured in an opposite direction, are 
distinguished in the figure by dotted 
lines. 

By giving negative values to the 
same curve would be produced, but 
turned in a contrary direction. 

(17.) If a^j/ =3 ba^—a^ ; show that there is a point of 




contrary flexure when x=h, and y= - 



2^ 



a" 



(18 



.) K y=2a A/ > show 



3a 



that there are two 
2a 



points of inflexion when d?= — > 4^=± /_ 

2 v^ 

(19.) If ad?*— (j?— a) 5^^= be the equation to a curve; 
show that there is a point of contrary flexure when 07= —2a. 
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(20.) If y=a»-^b^~-eafi ; show that there is a point of 
inflexion when a?=5-> and y=^^ {9ac-\-2l>^. 

(21.) Ky = c+ (a? — a)2(ir — 6)*; show that there is a 
double point when x=a, and y=c. 

(22.) K y='-i{C'^—aP) ; show that there are points of 
inflexion when d?= ±—-:, «= — . 

(23.) Ky= > y=^( ) » y=7 — Hw — ^ 

^ a a?— a xa—af ^ {sc—h) {x — c) 

be three equations having no mutual relation, and ss becomes 
infinitely great in each ; prove that in (1) y =: oo , and 3^-= <x> , 

in (2) y=oo , and ^^=1, and in (3) y=0, and :7^=0. 

(24.) If 5^(ic2— a2J=ir* j show that the equations to the 
asymptotes are y=+a?, y=— j?, and that the curve lies 
above the asymptote : also show that the curve has two 
branches touching the axis of x at the origin, both being in 
a plane perpendicular to the plane of the paper, between 
two asymptotes which cut the axis of x at right-angles 
when ir= -fa, ar= —a ; show that beyond these aetymptotes 
the curve is in the plane of reference, and approaches nearest 

to the axis of x when «sav2, again receding towards the 
asymptotes whose equations are y=+d?, and intersecting 
them at 00 in a point of inflexion. 

(25.) K^+d^— 2aaj2=0 ; show that the equation to the 

asymptote is y=:— ^+-q-' that at the origin there is a cusp 

of the first species, the two branches being above the axis 
of X and concave to it, that the curve cuts the axis of x at 
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right-angles at a point denoted by d?=2a, where there is a 
point of inflexion, beyond which it approaches the acfymp- 

tote whose equation is y = — j?+ -q~ j show also that there is a 
maximnm ordinate whose length is -^* v4, when ^7=-^* 
(26.) If r = — => show that p= , * and that 

there is a point of inflection when r=av2, the curve being 
concave towards the pole when r is less than av2, and con- 
vex towards it when r is greater than av2. 

(^27.) y=a-|-a^(j?— a)^; determine the nature and posi- 
tion of the cusp. 

(28.) ^^=-3 — ;3 being the equation to a curve referred 

to rectangular co-ordinates ; show that the equation between 
polar co-ordinates is r=a tan 0, and that the equation be- 
tween the radius vector and the perpendicular from the pole 

upon the tangent is jp= /-T^=k—q:o — 5 ' show also how the 

branches of the curve are situated with regard to the plane 
of reference. 

(29.) If 6= > show that a line drawn parallel to the 

prime radius or axis, at the distance a above it, is an 
asymptote to the curve, that, when is +, the curve has 
an interior asymptotic circle, and when is — , it has an 
exterior asymptotic circle. Trace the curve, and show that 
the rectilinear asymptote is a tangent to the asymptotic 
circle. 

(30.) The equation to the Goflrdicnd is rs=a(l+co66); 
trace the curve. 



:a 
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(31.) Ifr=a- — r— r> trace the curve, and show that 

there is an asymptptic circle, radius=a, and that the ciurve, 
coining from infboity, continually approaches the convex 
circumference of the asymptotic circle on one dde of the 
diameter, and the concave circumference on the other side 
of the diameter. 

91 m /p2 _L. /v2 

(32.) The equation to a curve being -= A/ -5 5* 

show that it has asymptotes, at right-angles to the axis of x, 
at points denoted by 0?= +«> oc-=- —a, and other asymptotes 
cutting the axis of x at 45®, and 135°, respectively j that 

there are minimum ordinates when a?= dba v v^-l- 1. De- 
termine the value of these ordinates, and show the position 
and direction of the branches of this curve. 

(33.) y^=^a-±,(ax—c^ \ determine the nature and posi- 
tion of the singular point. 

(34.) a?2y2 ^^2^2 _^4_Q ig .(jIjq equation to a curve ; show 
that its asymptote coincides with the axis of x, and that 
there are points of inflexion above that axis at distances 

/2 /2 

equal to -f a A/ -^y and — a A/ -^ from it, and at dis- 
tances equal -| — jr. and -?= from the origin of co-ordi- 
nates. 

(35.) K a?8— y^=a^ ; show that the curve cuts the axis 
of X at right-angles, at the distance a from the origin, that 
at each of these points there is an inflexion, the part of the 
curve between them being concave to the axis, the part to 
the left of the origin being convex, and the part to the right 
of the point denoted by ^=a, concave. 
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(36.) If (d?--a)^=(y— ir)2; show tliat the common tangent 
to the two branches of the curve is inclined to the axis of x 
at an angle of 45^, that the curve cannot extend to the left 
of the point denoted hj a?=ay and that, at the distance a 
above that point, there is a cusp of the first species. 

(37.) If y= a/ — r — be the equation to a curve ; 

c* 
show that there is a point of mflexion at the distance — - 

above the origin, and another in the axis of x, at the dis- 

tance — r from the origin, 
a* 

SB 

(38.) ^=6 sin- is the equation to the curve of sines; 

show that, at all the intersections of this curve with the 
axis of Xy there are points of contrary flexure. 

(39.) y^z=za^-\'X*y2a^—'3fi being the equation to a curve ; 
show that its branches intersect the axis of x at angles 

=tan~^di--7= and tan"^^^/^, that there are four double 

-v/2 

points in the axes of co-K>rdinateSy at the distance a from the 
origin, and that the branches form two intersecting ovals. 

(40.) If r2=a2 sin2 6 ; show that there is an oval in each 
of the first and third quadrants, and that no curve exists in 
either the second or fourth quadrants. 

(41.) If the equation to a curve be ai^-f y^— 2 va^=0 ; 
show that the axes are tangents, that /7s=0 and oo, and 
that the origin is a double point. 

(42.) K tan3e=— -> and taa6=-^ define a curve; 

X a— a? 
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show tliat it has a Tna.xiTmiTn ordinate at the point denoted 
by a?=a (1 ^j , and trace the curve. 

(43.) Trace the curve, whose equation is 2a^-f-3ay 
+ 2o2^=a^4-ar*, and determine the different angles at which 
it cuts the axis of x. 

(44.) Transform the equation {a—x) y^^^a? from rectan- 
gular to polar co-ordinates, and trace the curve. 

(45.) Trace the curve, whose equation is ^—hy^—aa^ 
=0, and determine whether it has a point of contrary- 
flexure. 

(46.) Prove that, in the logarithmic spiral, the equation 
to which is r=^ae^^y the tangent constantly makes the same 
angle with the radius vectoi*. 

t/ €L — 2 X 

(47.) Trace the curve, whose equation is ~= > and 

X^ U>'~~X 

ascertain the angles at which it cuts the axis of x. 

(48.) If the hour and minute hands of a watch were of 
equal length, and an elastic thread, so extensible as not to 
impede their motions, were attached to the extremity of 
each index, the thread representing a straight line of va- 
riable length, from to the diameter of the dial-plate; 
determine the polar equation to the curve which would be 
described by the middle point of the thread, and trace that 
curve. 

(49.) If perpendiculars be drawn to the diameter of a 
circle, and from each of them a part be taken, measured 
from the diameter, equal to half the sine of twice the arc 
which it cats o£^ the arc being measured from the same ex- 
tremity of the diameter; show that the equation to the curve 

X 2 
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passing through the points thus determined is a lemniscata^ 

whose equation is v=-\/a^^^, and trace the curve. 

a 

(50.) Ky= ^ ^ -}-5; there is an isolated point, de- 

termine its position, and exhibit the form of the curve. 

(51.) In^^logd?— i»2y^^_0^ show that the origin is a 
point d'arr^t; and in y+ye'~*—a=:0 a point saillant, the 
branch corresponding to the negative values of x starting at 
an angle whose tangent is 225^ 

(52.) Transform (aP-{-y^=:a^i^ to an equation between 
polar co-ordinates, show that the pole is a quadruple point, 
and exhibit the form of the curve. 

(53.) Show that the curve, the equation to which is 
at^^==(a—af {a—h), has a singular point when d?=flf, a con- 
jugate point if 5 is greater than a, and a double point if a 
is greater than h. 

(54.) ACB is a semicircle whose diameter is AB; draw an 
ordinate iV(7 and a chord AC, then iVTP being taken in the 
ordinate, always equal to the difference between the chord 
and the corresponding abscissa, show that the locus of P is a 
parabola, and that there is a maximum ordinate when the 
abscissa and corresponding ordinate are equal 

(55.) Show that the curve, whose equation ia y=-^. 

has three points of inflexion ; and that, when d?= vo^, the 
tangent is parallel to the axis of j?. 

(56.) If r=a0" ; show that there are points of contrary 

n 

flexure when r=0, and r=za (— n^— n)^; and that this eqiia- 
tion comprehends those of the spiral of Arehimedes, the 
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lituus^ the hyperbolic or reciprocal spiral, and an infinite 
number of spirals. 

(57.) Show how the trisectrix, the equation to which is 
r=^a (2cos0^1), may be used to trisect an arc or angle; and 
explain the difference between the generation of this curve 
and that of the cardioid. 

(58.) Prove that the angle at which the logarithmic or 
equiangular spiral, whose equation is r=a^, cuts the radius, 
is constant, and that the radii which include equal angles 
are proportional 

(59.) If a? = a(6 — «sin6), and y = a(l— ^cos0) define 
the trochoid; show that, at a point of contrary flexure, 

y= • 

a 

(60.) A circle, which continues constantly in the same 

plane, rolls, like a carriage wheel, along a fixed horizontal 

line ; the curve described by a point in the circumference is 

the cycloid. Find the equations -j- = ( ^ j , and 

(61.) Ascertain the loci of the transcendental equations 

(1) yz=:a^'\- coSiP V — 1, 

(2) y=za^± \/l —a sec^d?. 

(62.) Show that, in curves referred to polar co-ordinates, 

ds r^ 
$ being the length of the erpiral, — ==— • Investigate the 

fM+2 

equation between r and 6 when «?'=-- -> and between 

p and r when r=^a sinn0. 

(63.) If a,4aid h^ be two conjugate diameters of an eUipse, 
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^ the angle they make with each other, and — 5 — | — 75— =;:5 

the polar equation to the ellipse referred to the centre; 
prove that a^+^.^sa^-f-ft^^ and a,d,=a5 cosec^. 

(64.) Trace the curve, whose equation is a^^zsfi-^ha^y 
and determine the number and nature of its singular points. 

(65.) Let BAC be a parabola^ A the vertex, and BC the 
latus rectum ; in BG take M and N equidistant from B and (7, 
draw MD and NE perpendicular to BO, to meet the curve 
in D and Ey draw CD cutting NE in P, Determine the 
equation to the locus of P, and trace the curve. 

(66.) A straight line DAE, at right-angles to the dia- 
meter ACB of a circle, moves, parallel to DAE, along the 
diameter, whilst a line which at first lies on the radius CA, 
revolves with a uniform angular motion about C, intersecting 
the other moving line in P ; show that the equation to the 

curve traced out by P is y=(a— a?)-tan— ; that the curve, 

which is the quadratiix of Dinostratus, has an infinite 
number of infinite branches intersecting the axis of x, and 
that the moving parallel is an asymptote to two infinite 
branches. Show also that, if this curve could be geometri- 
cally described, the ratio of the diameter of a circle to its 
circumference would be determined. 

(67.) A globe, whose radius is a— 5, vibrates in a hollow 
hemisphere, whose radius is a, in such a manner that a great 
circle of the globe coincides with a great circle of the hemi- 
sphere ; determine the curve traced out by the highest point 
on the globe in one revolution, and exhibit Jbhe polar equar 
tion. 
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CHAPTER XV. 

CURVATURE OP CURVED LINES. RADIUS OP CURVATURE. 

EVOLUTES. 

Rectmigula/r Co-ordinates, 
K the equatioD to the osculating circle^ or circle of curva- 

OifJ 

ture, be jB2=(ar— a)2+^— /3)^, and if /? be put for ~-> and 

q for —^y R being considered podtwe when the curve is 

concave to the axis of a, and negative when the curve is 
convex; then 

q q q ^ 

a and /}, being the co-ordinates of the centre of the radius of 
curvature, are the co-ordinates of the evolute of the curve. 
If tt=0 be the equation to the curve, 

fdu\^ d^u du du d^u /du\^ d^u 
1 \dyl duD^ dx dy dxdy \dxl d%f^ 

twJ '^Kdy) ] 

The middle term of the numerator in this expression 
vanishes when the value of t« is the sum of two parts, one 
involving x and the other y. 

The distance from a point in the curve to the intersection 
of two consecutive normals is the radius of curv^aire at that 
point. 

The normal to the curve is the tangent to the evolute. 
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If ii^ be the radios of carvatiire as before, r the radius 
vector, Q the angle traced ont by r, and/? the perpendicular 
upon the tangent, 

^P r2+2— -r— 



The semi-chord =/? -j-= 



To find the equation to the evolute to a spiral; r and ji? 
being taken as co-ordinates of the involute, r, and /?, as cor- 
responding co-ordinates of the evolute, we must eliminate 
R, r and p from the four equations 

Ex. (1.) To determine the radius of curvature at any 
point in tie common parabola. 

f/^=:imay the equation to the curve, 

cue "^ dx y 

d'^y 2m dy 2m 2m 4tm^ 
dx^ y^ dx~^ y^ y y^ 

y^ "^ y^ ~ y^ 

Since this expression for the radius of curvature diminishes 
as X diminishes, R is least when ^=0, and then ^=:2m 
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= half the latus rectum ; hence in the parabola the point of 
greatest curvature is the Vertex. 

(2.) The equation to the rectangular hyperbola^ referred 
to its asymptotes is xy=>m^ ; find the radius of curvature. 

*^+^=«' *i=-T' ••-p=-F' 

(3.) If the equation to a circle be a^— a (a?— y) 4- 5^=0 ; 
find the radius of curvature. 

* (a+2y)2 (a+2yy 

_ _ 2{(a+2i,y+{a-2xy} 
■' ^- {a+2yf 

Now R=- (l+P^* ^ {(«+2y)'+(«-2^)'}* 

? 2{(a+2y)3+(a-2«)»} 

_ {(a+2y)»+(a-2a;y}* _ (2ai^* _ a 
~ 2 ~ 2 ~2*' 

(4.) Find the radios of currature to the hyperbola^ and 
determine the equation to its evolute. 
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y^=-j (^— a^, the equation to the curve, 

Cv 

dy l^x dy Vx , • ^ ^^^ 

"^ dx a^ ^ dx a^y ^ a^y^ 

^2 —72 ^ 

_d^y_ a^yl^'-}^X'a^ _ ^ ^' a^y _ aW^-}^x^ 
da^ a^y^ "~ a2y2 ~ a4yj 



«4.*!(^_«2)f aft«(;r*-a»)4 (x^-a^)* 



a» 



Hence i?=- (^ +/^* ^ («'^+^^-^)* (^-«')* 

^ a^(a^-— a^)* oft 

— .\ ^ — ^=raaius of curvature. 

ab 

To find the equation to the evolute, 

^ ^"" ^ "" o2(;r2_a2^ ' ^ 
_{q^a^^+qg(gg-l)^-a*}(a;2_^2)i 






o6 "■ 6» 
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••^=---Sr-^+i'=-y{— p 1} 

= - ^ {«='«'-«2«r»} = -^ (a^- «»)= - -p— p- 






;. (6/3)«-(a«)*= -(a«)*= -(»»«»)»= -(«)!+ i^)*. 
.". . (aa)t — (6/3)t = (a? -f ^# the equation to the evolute. 
(d.) Show that^ in the catenary^ the radina is equal but 
opposite to the normal. 



a * 



y=-(^«-|-^ «), the equation to the curve, 

X _X X X 

%a %x %x %x' X 9 

l+f^=l+ i = 1 =(-T-) =^- 

_dfV_ 2aV _2y 

jT a^ \ 2y/ a 

N 
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• RADIUS OF CX7BTATUBE, 



But the normal iT: 



Hence the radius of curvature is equal but opposite to the 
normaL 

(6.) Determine the radius of curvature and the evolute 
of the cycloid. 

Let AIf=:a, iVT=y, CD=2a, 



— =versm -j 

a a 



the equation to the curve. 






da! 






1 I 2 2« 

1 +Jt>2=_, 







Hence i2=- (l±JPl^=(2e\l£!=2v^. 

^ow OF^- CE^ + EF^:=£CE^ +CE'ED^y^-{-y {2a -y), 
.-. CFz=. \/2ay, :. -R=2CF=radius of curvature. 

To find the equation to the evolute, 

x—OL^ —p {y—fi)= -=r^^2y^ —2 s/2ay — y^. 

Substituting these values of a and /3 for the co-ordinates 
in the equation to the curve, we have 



/3 . a-^^-2a/3~/32 

— -=ver8in — —-^ 

a a 



(1) 
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Taking CA,= CD, and -4,^„ parallel to AB, as the axis of 
the abscissae, and substituting /3,^2a for /3, and Tra—a^ for a, 
ira being equal to AC; the origin will be transferred to -4^, 
and equation (1) will become 

2— — =versm(7r ■ — 1» 

a \ a J 

.'. ^snversm -^ ^' ^ > v 2 — vers^ = vers(7r— .4). 

And V A^N^^zzd^, and N^P^^^^^ this equation to the evo- 
lute is the equation to another cycloid originating at^,, and 
whose generating circle is equal to that of the given cycloid, 
but moves in an opposite direction. 

(7.) Show that, in the common parabola, the chord of 
curvature through the focus is equal to four times the focal 
distance j and find the length of the evolute in terms of 
the focal distance and the distance between the focus and 
vertex. 

Let the focal distance SF^=r, the per- 
pendicular from the focus upon the t 
tangent, SY=p, and DS ^2 S A =2 a=:^c. 

Then, by a property of the parabola, ST^=SF*SA, 

o cr ct dp c dr ^p 

or ^=-, .•.2/>^=2' ^=y. 

Chord =2p.^=^=^.'4=ir=iaP. 

dp c c 2 

Again, ^=4aa5, the equation to the curve, 

dy 2a „ 4a^ 

dx y ^ tr 

. . . 4a2 4a2H-y2 4a(a+^) 

1+JP2=1H ^=: --2. = — .1-^ L. 

T T y 
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Hence, lenirth of evolute g^R^c= 2^^ 

The form of the evolute, which is a semi-cubical parabola, 
is represented in the figure, by the lines ev, ev,, 

(8.) Find the value of the radius vector in the spiral of 
Archimedes, when the radius of curvature equals the chord 
of curvature. 

r=aO, the equation to the curve, 

dr -n ^dr r*/f^^p^ 

-;-=a. But -7-r= ^--« 

dd de p 

. p ^ p^ 

4^._ 2»r2— 2»V«-r-=2a^», 

op dp 

But — =r2+a2, /. iP^= o . v > P=- 



Hence i?=.^=^!^±*^ ^'.J^f±«5L. 



*^(^'^-;^) '"'^'""' 
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^ (r2+a2) 



And, comparing this value of the chord with the value 
of the radius of curvature, already determined, it appears 

that radius = chord if {i^+aP)i=2r{i^+a^, or ^ 
(r2+a2)*=2r, r2+a2=4r2, 3r2=a2, /. r=-^. 

(9.) To find the radius of curvature in the semi-cubical 
parabola. 

2ai^ 
y2=_ — , the equation to the curve, 

due a ^ ax ay 

l-hp-l+^- ^2^2 - 3^2^! • 

2 2 2axy--aa^ — 

a^y 2axy — ax^'p ay 

4j^ 
_ 2axf—3i^ __ 3 _ 4a^~3a?4 _ a:^ 

~" a^ "" ay "" 3aV* ~3ay 

(2a+3a?)*;g* 3aV_ (2a+3^)M 

"" 34ay * a?4 ■" 3*^ 

H 2 
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(10.) Fmd the radius of curvature and chord of curvature 
in the cardioid. 

r=a (1 -hcosO), the equation to the curve, 

-—=: — asmu, -r-^-" -D^t — = — 7==> 

2 1 1 



/^ ^ f_, _£1_= 



ry/t^^pi asms f^ — f^p^ ahiD^d a^—a^oo^d 
But V acos0=r— a, a^cos^iJ =r2— 2 ar+a^, 



/^ /? 



{f^-'2ar+a^, 



r^ dr f^ 

P^ dp ^ 'y2ar 

dr 2 X 2ar 2 / 

Hence Rz=.r* — = — 7r==-v2ar. 

dp 3v2ar 3 

(11.) Ki? and J?, respectively represent the radii of cur- 
vature of an ellipse at the extremities of two conjugate dia- 
meters; show that i?i+i?,t= A/ T2+ -A/ "T* 

Let Fp, Qq be two diameters, then if the 
tangent at Q be parallel to Pp, or if the tan- 
gent at P be parallel to Qq, they will be con- 
jugate diameters. 

LetaP=r, l,PCA,^By CQ=r,, lQGA—^. 

(1) 2 logf?=loga262«.log (a2^ J2_^)^ 

2 dSp_ 2r 1 </p_ /> 
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•• ^-^d^- J ^^^ "•"* ~'^^ ^6 

ab 
' ' rf/?, ah 

Hence ijl+i^l=!i^*^4!±I^2. 

But since, in an ellipee, the sum of the squares of any two 
conjugate diameters is equal to the sum of the squares of the 
major and minor axes, therefore (2a)2 + (26)2=(2r)H(2r,)2, 

or a^ -h 52 =r2 + r,^, 

The form of the evolute of an ellipse is represented in the 
figure. 

(12.) Find the equation to the evolute of the logarithmic 
curve. 

yz=za(^, the equation to the curve, 
<wr a a dar a dx a a a^ 



l+^=U$=^. 



a* a' 



Now y-/j=-l±£!=-f!i^.f!=_f!±L^ 

y2-/Jy=-a2-y«, 2/-/Jy=_a2 ^2-1^=-^ 



.-^.4-^ 



2 /32-8a» /3±(/3»-8«2)* 
16~' •■•^= 4 
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J. da dy y . da. 

d^ dx a ^ dfi 

da /3±(/?-8a2)i. ^. ^ ^, 

. . — a j3= ^^—7 — IB the equation to the evolute. 

(13.) If 2> be the point of intersection of the directrix and 
axis of the common parabola^ and FNy QM 
be ordinates of corresponding points in the pa- 
rabola and its evolute; show that DMzuZDN', 

The evolute of the common parabola is the 
semicubical parabola. 

The normal to the curve is the tangent to the evolute. 
y^=:i:ax, the equation to the common parabola^ 

^=^.^'-^'f. — .^K 

dx 
y, — j^= — — (a?, —x)y equation to the normal, 
dy 

y y y x+2a 

Let 5^=0, then ^,=^-)-2a, the part cut off from the axis 
of X by the normal to the curve. 

Again 21og^=log2^+31og(«-2«), 2|.1=3.^, 

da a -f" 4a 
;. ^--P^= — 5 — ) the part cut off from the axis of a? by 

the tangent to the evolute. 

-rr- « a-f4a - - . 

Hence x+2a= — 5 — > ox-^Qa^a+^a, 

.*. 3a?=a~2a. 
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But DNz:za-\'Xy x:=zDN--a, 3^=3Z)iV— 3a, 

:. DM^ 3a= 32)^'- 3a, /. DM=z ZDN, 

(14.) In an ellipse, e being the eccentricity, determine 
tlie radius of curvature in terms of the angle made by the 
normal with the major axis. 



Normal PG 



=y V 



1 + 



2 



da? 



FN 




SinP6^iVr=sin0=5|=-i^, 

1 

/. Sm0 = — r==' 

^ vTTp 

Now y=- wd^—3^y the equation to the ellipse, 



/. »=^= - ~ 



X 



P 



l+i>2=i^ 



(1) 



dx a ^a'^^igH 

&2^ _ fl4_ (a2_^2) ^ _ ^2 _ ^^ 

Hence i^= _ (1±^* J.fLzf^*. 

q oa 

1 a^—a? 

Now sin2A=- 3=-o 5-«» a2gin20__^^gin2A=:^2_jp2^ 

^ 1 -h />^ a-* — «^ar ^ ^ 

(1 -eW^) x^=a\\ -rin^^), .'. a^=?!il^>, 

o n_ gV(l— ainV) 
"" 1 — e^sin^^ 

«»_^^-a2_ aV(l-sin^») _«'(l-^^ 

1 — e^sm^^ 1 — e^sm^^ 

and, substituting this value of a^—e^ic^ j^ equation (1), 
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"(1 -^2)* . (1 -tf%in20)«"(l - Am2^)* ' 

(15.) An inextensible cord ^^.is attached to a stone 

at B, and a person holding the other extremity of the cord, 

moves with it at right-angles to ^j? uniformly along the 

straight line AC ] it is required to determine the equation 

to the curve described by the stone, and to find its evolute. 

Let the person be supposed to move in the direction AC 

imtil he arrives at any point T, while the 

stone moves along the curve BP ; the cord 

will then be in the position PT^ and since up 

to this moment the stone has never been so 

near to the line AC 2a it now is, the line PT produced 

would not cut the curve BP ; hence PT^ or the cord in any 

position, is a tangent to the curve. 

Jjdt ANzziXy -2\rP=y, AB^a-, then 

dm 
SubtangentiVrr=y— . and NT^^iPT^-^NP^, or 

y^ l-r\ =fl2_y2^ /, y = -^ v'a^— ^2, the equation 

required. 

Hence the curve is the tractory, and ulC is its directrix. 

a form in which it is frequently given. 

(dx\^ 1 a^ 




••i+i''=:3 



a« 



Cfi—yt 
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A • ^y y ^^y <^y 



/.y-^=-.l±^=-^ 



2 a2 



4-y, /. /3=— J 

^ y y 

d(i c? 



X 



_«=_(y_^)^=V'^Zp, 



iix yVa^-^t/^ dx 

_ d(i dfi dx a^ a^--p^ ^/a^-v^ 

Hence — ^ — • — = , = 

da dx da, ywd^—y^ c? 



ywa^—y^ a* y 



V* 



L-' 



a^ "" a^ "~ a 

the equation to the evolute. Hence the evolnte to the 
tractrix is the catenary. 

(16.) The equation to a circle being y=(a2—a:^^; prove 
that the radius of curvature equals a. 

(17.) "3^+To=l heing the equatktn to the ellipse; show 

that the radius of curvature is ^ — ^> where the eccen- 

ab 

^/^2ZT2 

tncity «= • 

show that the radius of curvature is — ^ . . ^ • 

(19.) Prove that in the circle, parabola^ ellipse, and hy- 
perbola^ or in any plane curve whose equation is of the 
second degree, the radius of curvature varies as the cube of 
the normal. 
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(20.) The equation to the rectangular h3q)erbola is 
^2_aj2-|-a2=0; show that the radius of curvatuxe is 

^ 5 — ^j and that the equation- to its evolute is 

a»-^=(2«)*. 

(21.) Determine the radius of curvature to the curve 

called the tractrix, the equation being y=—Vc^-^^^. 

(22.) The polar equation to the lenmiscata of BemouilH 

a2 

is f^^a^oos2 6 ; show that the radius of curvature is ^^ • * 

or 

(23.) Prove that the length of the arc of the evoluteJn- 
tercepted between two radii of curvature is equal to the 
difference between the lengths of those radii . 

(24.) Show that in the common paraboki, whose equation 
is 5^^=4aa;, the radius qt curvature is greatest at the vertex, 
that the radius of curvature at that point is half the latus 
rectum, and determine the equation to the evolute. 

(25.) If iV be the normal and E the radius of curvature 
to a point in the ellipse j prove that j^^a^ ■}- JR¥=:0, 

d 
(26.) r=^—p=z being the equation to the lituus ; sdiow that 

the radius of curvature is ^ ;>. . ^ — ^• 

2a^(4a4 — r*) 

(27.) If r=/(d), find an expression for the radius of cur- 
vature, that IB, prove that 

dr_ V ^rfga; 
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(28.) The equation to the logarithmic or equiangular spiral, 
referred to p and r, is /?=«ir ; show that the radius of cur- 
vature is ^y and that to this spiral the evolute is a similar 
spiraL 

(29.) ^+72 = ^ being the equation to the ellipse ; show 

tliat the equation to its evolute is (aa)i-)-(5/3)t=(a^— ^^)i^y 
and exhibit its form and position with respect to the centre 
of tlie ellipse. 

(30.) In the hyperbola^ the focus being considered as the 
pole, the length of the perpendicular on the tangent is 



{2a-\-r)^ 



; show that the chord of curvature through the 



^ . 2r(2a-|-r) 

focus IS ^ -• 

a 

(31.) The equation between p and r in the epicycloid 
is {<^—a^p^=^€^{7^—a^; prove that the radius of curvature 

ialv^(c2_a2)(r2-a2). 

(32.) The equation to the involute of the circle is 
a0-f-asec~^ |-J=(r2-_a2^i ^ prove that its radius of curva- 
ture is p, and that its evolute is a drcle whose centre is the 
origin, and radius a. 

(33.) The equation to the hypocycloid is af+yi=ai'^ 
show that the equation to its evolute is 

(a+^)l+(a-/3)f=2at. 

(34.) Beferring to example 22, and letting Jt and i?, re- 
spectively represent the radii of curvature at the extremities^ 
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of the major and minor axes of an ellipse^ prove that the 

(2 1,3 V 
-T }• 

(35.) B being the radius of corvatnre, and # the length of 

an arc of a plane curve ; show that J?= di — -j-* 

(36.) Considering the earth to be an oblate spheroid, or 
ellipsoid, 2 a its equatorial and 2 & its polar diameter, m and m, 
respectiyelj the lengths of an arc of 1** of a meridian in 
two given latitudes X and X., and considering these lengths 
to coincide with the osculating circles through their middle 
points ; show, by reference to Ex. 14, that the 
equatorial diameter : polar diameter 

:: {m^sin^X— mj^sin^X,}* : {m.^cos^X,— m^cos^X}*. 

(37.) Show how the result of the last example would be 
modified if one of the arcs of the meridian were measured 
at the equator. 

(38.) Let AF be a parabola, F any point in the curve, 
draw the tangeut FT, and the normal FG ; through T, the 
point in which the tangent intersects the axis of abscissae, 
draw TQ at right-angles to that axis, produce FG to meet 
TQ in Q ; prove that the radius of curvature at P is equal 
to GQ, and show the centre of the osculating circle. 

(39.) The equation to a curve being a;— sec2y=0 ; show 

that - = 2a5(a?— 1)*, and that the radius of curvature 
/^ 

. (2ar»-l)2 - 

IS ^ ■: ^» 

4a; 
(40.) If, in the conmion parabola, a point, determined 
by xsiScb, be taken ; show that the part of the radius of 
curvature below the axis of a; is 12 a. 
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(41.) If di represent the small arc between two points 
{x; y), (x-^dx, y+dy\ in a curve, and B the radius of cur- 
vature, investigate a general expression for that radius, 
whatever be the independent variable ; that is, prove that 

ds^ 

^=^5 — ; ;= — r-> and thcncc deduce expressions for JR 

d^xdy — d^ydx 

when X, y and % be severally taken as the independent 

variable. 

(42.) Show that, if an inextensible thread were applied 
to the evolute of a curve, and were to be gradually unwound, 
a fixed point in the thread would describe the involute or 
original curve. 

(43.) Prove that the tangent to the evolute is the normal 
to the involute. 

(44.) Prove that, when the radius of curvature is either ' 
a maximum or a minimum, the contact is of the third order. 



CHAPTER XVI. 

BirVELOPES TO LINES AND SUBFACE9. 

Considering the evolute to a curve to be generated by the 
ultimate intersections of consecutive normals, the evolute is 
their envelope. 

"51 f{Xy yy a)=0 be the equation to a system of known 
curves, intersecting each other in points determined by x 
and y remaining constant whilst the variable parameter a 
undergoes an infinitely small variation so as to become d<t, 
the problem of finding the equation to the envelope resolves 
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itself into that of finding an equation inTolving x, y and 
constant quantities only, a being eliminated between I^Me 
equations /(o^ y, ^)=^^ and/(2^ y, a-^-da^^szO, 

K there are several equations of condition inyolviiig tine 
parameter, it is expedient to have reconrse to the method oT 
indeterminate multipliers, as in example 2. 

This method of finding envelopes maj be applied to the 
determining of the equation to the evolute of a curve. 

Ex. (1.) A series of equal ellipses are so placed that their 
axes are in the same straight lines, the ellipticitiee alone 
being variable ; find the equation to the curve which wiH 
touch all the ellipses. 

Let the constant rectangle a6=m', 

— j+^=l> the equation to the ellipse. 

Here, a and h being variable, we must consider x, y and m 
constant, and differentiate with respect to a and h, 

a^-2a yg>25 db ^ £^__^ . ^*«. ^^ 

a^ b^ 'da ' ft8'^" ^' 'H SV' 

db , ^ db b 

Hence ^=^, 5V=aV, 5=^. 



. gg y^_2yg_ 



=¥=• 






:. 2xyss(ib:ssm^, the equation to a rectangular hyperbola 
referred to its asymptotes. 

(2.) A straight line, whose length is /, slides down be- 
tween two rectangular axes x and y ; find the equation to 



\ 
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t, rilie envelope of the line in all its positionfl^ that is to the 
^curve to which the line is always a tangent. 

Let a and h be the yariable intercepts of the line on the 
is axes, then 

■'■ so 4/ 

— hT=l> *^® equation to the line, 
a b 

t a2+52— p. Euc. b. L p. 47. 

Now, a and h being variable, we must differentiate consi- 
li dering x, y and I constant. 

2a ^ + 25=0, a^ + M6=0. ... (2) 

db 

Multiply (2) by the indeterminate multiplier X. 

\ada + \hdh = 0. Add equation (1). 

OS ft 

Assume -5+Xa=0, and -^+X6=0, then 



f+Xa2=0 
a 

^+X62=0 
b 



► /. ?+^+X{a2+W=0, or 
a b ^ 



1 = — Xf», ;. X— — ^» •'•■^~?' 52-/2' 

Hence a^+^t=;l^ the equation to the locus of the ulti- 
mate intersections of the line. 

(3.) To determine the curve whose tangent cuts off from 

the axes a constant area. 

o 2 
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i 

First; if the axes be rectangular, let a and b he the vari- 
able parti^ cut off, and m^=tlie constant area. 

OB 'U 

— |-T=1> the equation to the line, . . (1) 

a 

ah t% 

— =m2, the area. .... (2) 

Now, differentiating with respect to the variables a and ^, 
considering x^ y and m constant, we have from (1) 

-o-f ■^.;t-=0, .-. j-=- -^» and from (2) 

a^ 0^ da da a^y ^ ' 

. 2m^ db 2w2 

a da a^ 

Hence — o~= — s-' ^'^= ^» ft= >= — -* 

ahf a^ X V^ 

2w2 a/^ \/2w>/a 

a= =Jm^» ^^ 7^^ 7^^^ — * 

^ V 2 • m 'vy wy 

X y vy vx voy vxy 

a b \/2 w \/a v2wvy wn/2 m\/2 

n y — /zr /— •»* »** 

V ^ 2 

the equation to a rectangular hyperbola^ whose asymptotes 
are the axes of x and y. 

Secondly, if the axes be oblique, let them be inclined at 
any angle a, a and b being the parts cut off, and m^ the 
area ; then 

abwaa „ , 2m^ 1 db 2m^ 1 

2 sma a da sma o? 

Also -T-= 3— as in the first case. 



- -~' — ^-.^- 
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Hence -—=—-: — , ^2= — r-^, ^=--_-_-£-, 
flry a^sina - ossina vav sma 

_ 2»i2 2m2v^ ^ v2?/*vfic 

^sina v2mVyVmQa v^yVana 

a; y xwy*/"^^^ yv^vmna 2vajyfidna_- 

a h \/2w >/« v2 w -s/y m \/ 2 

.". xy=-—: — > the equation to a hyperbola whose asymp- 
totes are the obHque axes Ax, Ay, 





A T 



(4.) Determine the equation to the curve which touches 
all the curves included under the equation 

y=d?tanO — r-r =-> the variable beinir B. 

4Acos^0 ° 

Differentiating with respect to 0, considering a, y and h 
constant, 

"■"^'co^ TePcos^"' "2A'co80' 

tan0=^, 1 +tan26= 1 ^^^t±^^^Q^ 

«3 „ a^+4A2 ^ _ 

;=dr • — 77-9- = TT + ^* 



iAcoB^d 4Aa?2 4 A 

Hence y=2A— jr — A=A— jjj the equation required. 



1 
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If, in this problem, we consider h to vary as well as 9, 
and if some constant area m^=A^sin^d cosd ; then we Lave 

5^==:a?tan0-— — — , ...(1) and A=— - — tz' '"i^) 
4a cos^d sm*6 co8*0 

:, y=^atasid -. s7T-=a7tan0 r— > 

4tm co&'e 4i»cos*a 



y=iFtan6— -: — tan*©. 



sin40cos*6 

4m 

Differentiating with respect to d, considering a, y and m 
constant, 

0=a:sec20- ^ -tan^O-sec^d, -s^tan*e=l, 

4971 Z om 

tan*e=— , tan0=^^, *^*^=^7^- 

Whence by substitution in (1) we have 
_ 64w2 a^^ 512m» _ 64m2 128m2 
^■" 9a? 4m* 27ar* "" 9ir 27iF 

192m2-.128m2 64m2 /4\» ^ 

= 27i =-277- *• ^^=(3) '^^ 

(5.) Two diameters of a circle intersect at right-angles ; 
find the locus of the intersections of the chords joining the 
extremities of the diameters, while the diameters perform a 
complete revolution. 

Let AB^ ji5 be two semi-diameters at right- 
angles, 2a the diameter of the circle, A the 
origin of co-ordinates, tz=zAP the line joining 
the origin and point of intersection of the 
chords. Then 

-r« = -=8injff-4P=sin45®=:— 7=> .'. r=— = 

AB a s/2 v2 
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'Nowy this problem is the same as that of determming the 
curve to which the chord at its middle point shall be con- 
stantly a tangent; and 5^ = «M?-|-rv w^+l is the equation 
to a straight line, r being the perpendicular upon it from 
the origin. 

Differentiating this equation with respect to m, consider- 

^S ^f Vt ^^^ ^ constant, 

^ w v«i^4-l T m^-i-l r^ 

0=ii:-fr--7===» 31.=--, _Z-= , 

-1 r* l_r^ - ^T^—sfi 2__ ^ 






Hence y= ^_ ^=-| — = — = vyg— ^j 



:. y2=r2-a?2. 



a2 



j;2_|»^=;:^— _, tiie equation to a circle, whose radius 

is -^^nd whose centre coincides with that of the original 

circle. 

(6.) If(a?-a)2-|-(y-^)2+^2-^^ aaida2+^2=^; deter- 
mine the equation to the envelope of the system of spheres 
defined by these two equations. 

Differentiating with regard to a and 5, considering x, y^ z 
and c constant, we have. 



Vv 
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Multiplying the last equation by the indeterminate multi* 
pHer X, and adding, we have 

:* Xa+a?— a=0, ...(1) Xft-hy— 6=0, ...(2); whence Ij 
eliminating X we have -=t» 

Again (1) Xa^+aar-a^-o, (2) \h^+hy'-'b^=0, 

:. X(a2H-6^+a»+fty— (a^+^=0, 

,.X=l-f5^, ...(3) va^+^=A 

But flw7-|-6v= z^Ca^-^-tr)-} .\ -— ^=— . 

a a ^ ^ a cr a 

Also ^+^=_+_=(a2^.52)_, .. ^— ^-^=^. 

Hence X^lip ^"^"^^ - Substituting in (1), (2), 

c 

=:(ir— a)2+(y— 6)2, or 

•'. a?2-f ^+2f2±2c (ip2+y2)*=r2— c2 is the equation to the 
envelope of the system of spheres. 

(7.) Two straight lines fi and v, of variable length, are 
drawn at right-angles to the axis of a?, one of them v passing 



« V 



•^ 
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through the origin of co-ordinates : now if they vary in such 
a manner that the rectangle contained hj them is a constant 
quantity equal to h^ ; detemune the curve to which the 
straight line passing through their upper extremities is 
always a tangent. 

IjQtAD=:r, £C=fi, AB=2ay AN=x, NP=zy. Then 
PN BC AD 



TN'^TB'^AT 



or 




AT^x AT'\'2a AT 
:. y'AT=v'AT+yx, and s^'AT'\'2af/=:iJi'AT+fjur, 
{y-y)AT=yx, {y-fjL)AT=zfja'^2ay, 

AT^^:^. AT^^^"^""^. 

y—v y—ii 

.„ vx ux—2ay . u fiX'-2ay 

Hence =^-- -y .. io =~ ^' or 

y-v y-/x h^ y-\x 

^ /* 
J-i-=i^^?^, or ^2^=^.2ay+i2(^.2a), 

where /x alone is to be considered yariable. 
Differentiating with respect to /i, we have 

ay „ €?y 

2fix=2ay, :. fx=—y /* ="^ 

Hence^ by substitution, — ^= — ^•]-V^(x—2a), 

X X 

aV=;=62(2flw?-.ir2), or 

y^=:-^(2<ix^x^, the equation to an ellipse, referred to 
the vertex. 



2»2 
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(8.) K a series of parabolas be included under the equar 
tion y^z=a{x^a), a being the variable parameter j; show 
that they will aU be touched by the two straight lines de^ 

termined by the equations y= +3 a?, y=— -a?, and draw 

these lines. 

(9.) Show how the method of determining envelopes ma; 
be applied to finding the evolute of a curve, and apply it to' 
determine the evolute of the ellipse, whose equation, re- 

'ferred to the centre, is — y-f to = 1- 

Equation to evolute (aa)*-f (6/3)*=(a2—i2)i 
(10.) Prove that the curve which touches all the straight 

lines determined by the equation y=ad?H ' where a is 

variable, is the common parabola. 

(11.) A system of ellipses, with coincident but variable 
axes, is subject to the condition that a^-^b^^zm^, a and h 
being the major and minor axes; determine the curve which 
shall be the envelope of the system. 

(12.) If shot be discharged from a cannon with a con- 
stant velocity, but at various angles of elevation, they 
will describe the parabolas included under the equation 

yrscMf— (1 H-a^) j-> a being the variable parameter. Show 

that the curve which will touch all these parabolas is itself 

a parabola whose equation is y=c— — • 

(13.) Considering the envelope to be formed by the inter- 
sections of straight lines ; show that the problem " to deter- 
mine the equation to the envelope " is the inverse of the 
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problem ^' to determine the equation to a tangent to a 



curve." 



(14.) If/?, be a perpendicular of constant length from the 

origin upon the straight lines defined by y^aiP+/?, {a^^ 1)^; 
show that the envelope of all these lines is a circle whose 
radius is/>,. 

(15.) If a surface be produced by the continued intersec- 

/K 9/ 9: 

tion of planes represented by the equation — |-tH — =1> 
where fl^c=wi® ; a, b, c being variable, and m^ constant ; 

— ) • 

(16.) A straight line, cutting from two straight lines 
whiclx meelj in any angle, two segments whose sum is a, is a 
tangent to a curve ; prove that that curve is a parabola^ and 
trace it. 

(17.) If on one side of a horizontal straight line uli? an in- 
definite number of parabolas of equal area be described from 
a common point A, with their axes perpendicular to AH, 

the equation to this system of parabolas is ay=2a^a^ar— ^, 
where a is variable ; prove that the curve which will touch 
them all is an equilateral hyperbola whose equation is 

ooyxzz—^a^y AR and a perpendicular to it from A being its 

asymptotic axes. 
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CHAPTER XVII. 

IflSCELLAKEOUS EXEBCIBES. 

(1.) Prove the ordinary rales for differentiation. 

(2.) Explain the difference between explicit and implicit 
fimction& 

(3.) Define and illustrate the terms ^ limit," *' differenr 
tialy'* " differential coefficient.** 

(4.) Explain the difference between algebraic and trans- 
cendental ftinctiona 

(d.) Investigate the difKsrentials of uszema;, tf:=ntan0, 
tizsa', tisslog^. 

(6.) Prove Taylor's Theorem, and from it deduce Stirling's 
or Maclaurin's Theorem, and the Binomial Theorem of 
Newton. 

(7.) If y^e^axkx; show, by means of the theorem of 

Leibnitz, that -r^=2^^sin (a?4-«-7)» 

(to* V 4/ 

(8.) In what manner may the value of a fraction be 
determined when its numerator and denominator vanish 
simultaneously ? 

(9.) If u=if(ai) ; show that ii is a maximum or mminmiTn 
when an odd number of differential coefficients becomings 0, 
the differential coefficient of the next succeeding order is 
negative or positive. 

(10.) Deduce the equation to a straight line, y=m«+^, 
and show that the equation to a perpendicular to it is 
1 
tn 
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(11.) Show that the equation to a straight line, whioh 
intersects the axis of ^ at a distance a from the origin of 
co-ordinates, and the axis of y at a distance b from that 

origin, is^H — =1. 
6 a 

(12.) Show that the equation to a tangent to a curve, re- 
ferred to rectangular co-ordinates, is (y,— y)=-~ (a?,— a?). 

(tJC 

(13.) K AT sad AD be the intercepts of the tangent on 

the axes of x and y respectively ; prove that AT=zy-j a?, 

dy 
and AD=^2^ — x--^i and determine the equation to the 

CvM/ 

normal. * 

(14.) Determine the differential expression for the sub- 
tangent, subnormal, tangent, normal, perpendicular on tan- 
gent, and the tangent of the angle which the tangent makes 
with a line from the origin. 

(15.) If M=s/(a?, y) ; prove that du^(—\ dx-\' [--- j dy, 

d^u d^u 
and that , . = - . * . 

dyda dxdy \ 

(16.) l£u^{jfy z), where y, z, and consequently m, are 
functions of a? ; show that <fM= (— ) dy+ l-jA dz. 

(17.) Determine the conditions upon which a function of 
two independent variables is a mftTiTrmTn or miniTmiTn 

(18.) Determine the differential expression for the area of 

dy 
a plane curve, and if « be the length, and -f-^^p } prove 

that^=(l+/>^*. 
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(19.) If jS^ be the smfiuse and V the ▼v^nme of a soEd 
generated by the leyolnticfii cxf a carve loimd its axis ; flhov 

tbat^=^, and ^=2,3^(1+/^*. 
dx ax 

(20.) If r and r, be the nidii of the greater and smaller 
ends of the frostnun of a ligbt ccmey and a the slant bdgbt; 
prove that the area of the frustnnn is «a {j''\'r^ 

(21.) If r be the radios vector, p the perpendicolar on 
the tangent, and Q the angle swept out by the revofaition of r 

1 /^\' 1 

round the pole S; show that ~2="'+{^) > where «=-; 

and that — = ^- 7- 

dr r (r* — j^* 

(22.) If in polar curves p be the length of the perpendi- 
cular npon the tangent ; find the Talue of p in. the circle, 
parabola^ ellipse, and hyperbola. 

(23.) Define the rectilinear acfymptote and the asymptotic 
circle. 

(24.) Define conjugate points, double points, cusps, and 
points of contrary flexure, and show that a curve is concave 

or convex to the axis^according as y and -7^ have the same 

or different signs. 

(25.) Prove that, in spirals, the curve is concave or convex 

towards the pole, according as -^ is podtive or negative. 
{2Q,) If ul be the area^ and $ the length of a plane curve ; 

prove that ^:^y, and^^r^, ^= ^ ^+(tS 

. ds r 

and -;-= ;• 

dr (f^f)\ 
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(27.) Prove that, in spirals, the subtangent =r2 — 
= — ^ r> and show how to draw the asymptote to a 

spiral, 

(28.) Explain what is meant by the osculating circle; 
and show that the evolutes of all algebraic curves are recti- 
ficable. 

(29.) Explaiu the theory of the different orders of contact 
of plane curves ; point out the exceptions to the rule that 
every curve is cut by its circle of curvature, and show how 
these exceptions apply to the ellipse. 

(30.) Explain the difference between Taylor's and Mac- 
laurin's Theorems, and point out the circumstances under 
which the former sometimes fails. 

(31.) Investigate Lagrange's* Theorem, and apply it to 
determine a general law for the inversion of series by means 
of the equation a!=ay+hy^-\-ct^-\- dy^ + <fec. 

(32.) Apply Lagrange's Theorem to the determination 
of the four first terms of the development of y"*, when 
y=a-f-a?5^«; and find the general term in the expansion of 

^*»* in a series of powers of cos^, when X'\ — =2 cosd. 

X 

(33.) If «=g - (^^ -y) .^, X being the inde- 

* If y=s 2+ a;^(y), and i£u=^f{y), /and ^ being any functions what- 
ever, then 

p 2 



m 
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pendent variable ; show tliat, when a? becomes cosO, and 6 is 

made the independent variable, ^^{'1^'^^) ^^^^^^' 

(34.) Explain exactly the mode in which the following 
curves are generated, construct them,, and thence derive 
their equations : namely, the circle, parabola^ ellipse, hyper 
bola, cissoid of Diocles, conchoid of Nicomedes (superior and! 
inferior), cycloid, epicycloid, lenmiscata of Bemouilli, quadra^^ 
trix of Dinostratus, involute of the circle, catenary, tractory, 
elastic curve, witch of Agnesi, curve of sines, cardioid, tri- 
sectrix, logarithmic or equiangular spiral, spiral of Archi- 
medes, hyperboHc or reciprocal spiral, Utuus, paraboHc 
spiral 

(35.) Show what kind of curves are included imder the 
equations y2=mir-f-na;* r=asinn6, r=acos0+J, r^a6^j 
r=asinw0-hJsin»,O+C8inw„0+&c. respectively. 



PttlNTBO BT COX (BROTUKRS) AND WTVAN, ORBAT QFBBN STR8RT. 



y 
r 



'I- 

c 






'* 



It 
I 

I 

( 

I- 



